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■, Abstract 

■ We study IIi factors M and N associated with good generalized Bernoulli actions of groups 
, having an infinite almost normal subgroup with the relative property (T). We prove the following 

^ ■ rigidity result : every finite index M-A^-bimodule (in particular, every isomorphism between M 

, and A'^) is described by a commensurability of the groups involved and a commensurability of 

pL^ ■ their actions. The fusion algebra of finite index M-M-bimodulcs is identified with an extended 

Hecke fusion algebra, providing the first explicit computations of the fusion algebra of a IIi 
factor. We obtain in particular explicit examples of IIi factors with trivial fusion algebra, i.e. 
only having trivial finite index subfactors. 

<, 

O ■ Introduction 

' To every probability measure preserving action T r\ (X, ^) of a countable group, is associated a 

tracial von Neumann algebra L°°(X) x F, through the group measure space construction of Murray 
and von Neumann [15]. In the passage from group actions to von Neumann algebras, a lot of 

■ information gets lost. Indeed, by the celebrated results of Connes, Feldman, Ornstein and Weiss 
[71 [16], all free ergodic actions of amenable groups (and even all amenable type IIi equivalence 
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V/-^ \ relations) systematically yield the same von Neumann algebra, called the hyperfinite IIi factor. 

Recently, Sorin Popa, in his breakthrough articles [191 I^Oj- proved a completely opposite rigidity 



result : for the first time, he was able to provide a family of group actions such that isomorphism 



■ of the crossed product von Neumann algebras, implies isomorphism of the groups involved and 

conjugacy of their actions. More precisely, Popa proves in [20] the following von Neumann strong 
' rigidity theorem : let F r> (X, ^) be a free ergodic action of an ICC w-rigid group, i.e. a group 

admitting an infinite normal subgroup with the relative property (T), and let A r\ (i^i^/o)^ be 
^ ■ a Bernoulli action of an ICC group A. If the corresponding group measure space IIi factors are 

^ i isomorphic, then the groups F and A are isomorphic and their actions conjugate. 

The crucial idea of Popa is the deformation/rigidity principle. One studies von Neumann algebras 
that exhibit both a deformation property (e.g. a specific flow of automorphisms, or a sequence of 
completely positive unital maps tending to the identity) and a rigidity property (e.g. a subalgebra 
with the relative property (T)). The tension between both properties determines in a sense the 
position of the rigid part and allows in certain cases to completely unravel the structure of the 
studied von Neumann algebra. The deformation/rigidity principle has been successfully applied in 
a lot of articles. Without being complete, we cite [13 [El [13 1^ HD [Ml [9l [IHl E] and we explain 
some aspects of these works below. We also refer to [27] for a survey of some of these results. 



^Partially supported by Research Programme G. 0231. 07 of the Research Foundation - Flanders (FWO) and the 
Marie Curie Research Training Network Non-Commutative Geometry MRTN-CT-2006-031962. 
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The deformation/rigidity principle allows in particular to compute invariants of IIi factors. In |21j . 
Popa proved that the group von Neumann algebra £(SL(2,Z) >< I?) has trivial fundamental group. 
This was the first such example, answering a question of Kadison that remained open since 1967. 
Here, it should be noticed that Connes proved in [6| that the fundamental group of the group von 
Neumann algebra C{T) is countable whenever T is a group with property (T) and infinite conjugacy 
classes (ICC). 

In \19\ [20j . Popa made a thorough study of Bernoulli actions T r\ (Xo,/xo)^ and their non- 
commutative versions, called Connes-St0rmer Bernoulli actions. In [19] . this lead to the first 
constructions of IIi factors with a prescribed countable subgroup of as fundamental group. 
Alternative constructions have been given since then in [12^ llOj. In [20], Popa proves the von Neu- 
mann strong rigidity theorem stated in the first paragraph. As an application, he gets the following 
description of the outer automorphism group of the associated IIi factors. Given the Bernoulli 
action F r\ {X,fi) = (Xo,/io)^ of an ICC w-rigid group F, the outer automorphism group of the 
associated IIi factor is the semidirect product of the group of characters of F and the normalizer of 
F inside Aut{X, Up to now, the actual computation of this normalizer remains an open problem 
though. 

In |12j . the deformation/rigidity principle was applied to study amalgamated free product IIi factors. 
From the many far-reaching results obtained in [T2] , we quote the existence theorem of IIi factors 
M with Out(M) a prescribed abelian compact group. In particular, it was shown that the outer 
automorphism group of a IIi factor can be trivial, answering a question posed by Connes in 1973. 
Using the same techniques, it was shown in that there exist IIi factors with Out(M) an arbitrary 
compact group. 

Some of the results on Bernoulli actions obtained in |19i [20] , were extended by Popa and the author 
[23] ■ to include generalized Bernoulli actions F r\ [Xq^iiqY , associated with an action of F on a 
countable set /. As a result, the first explicit examples of IIi factors with trivial outer automorphism 
group were given. It should be noticed that the shift from plain to generalized Bernoulli actions is 
not only technical in nature : the former are mixing and this is extensively used in [191 120] , while 
the latter are only weakly mixing. 

In the current article, we study bimodules (Connes' correspondences) of finite Jones index between 
III factors given by generalized Bernoulli actions. Bimodules between von Neumann algebras were 
studied by Connes (see V. Appendix B of [5j) and Popa [22j. An M-A^-bimodule of finite Jones index 
(see [13j) can be considered as a commensuration of M and N, i.e. an isomorphism modulo finite 
index. Using the Connes tensor product, the set FAlg(M) of (equivalence classes of) finite index 
M-M-bimodules carries the structure of a fusion algebra and contains the outer automorphism 
group Out(M) as group- like elements. 

As a natural follow-up of [19[ [20l [23] , we provide a family of good generalized Bernoulli actions of 
groups admitting an infinite almost normal subgroup with the relative property (T) and prove the 
following rigidity property : any finite index bimodule between the associated IIi factors comes 
from a commensurability of the groups and a commensurability of the actions. This allows us to 
get the following results. 

• We provide the first explicit computations of fusion algebras for a family of IIi factors. If the 
III factor M is defined by a good generalized Bernoulli action F r\ {X, /i) = {Xq, ij,q)^ , the fu- 
sion algebra FAlg(M) is identified with the extended Hecke fusion algebra 'Hrep(r < G) of the 
Hecke pair F < G, where G denotes the commensurator of F inside the group of permutations 
Perm(/). Loosely speaking, the extended Hecke algebra 7^rep(r < G) is an extension of the 
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usual Hecke algebra 7^(r < G) by the fusion algebra of finite dimensional unitary representa- 
tions of r. In 12.91 below, we give several concrete examples yielding IIi factors whose fusion 
algebras are the extended Hecke algebras of Hecke pairs appearing naturally in arithmetic. 

• We give the first explicit examples of IIi factors M with trivial fusion algebra, associated 
with the generalized Bernoulli action (SL(2,Q) k Q^) r\ [XQ^nof^ and a scalar 2-cocycle. 
Equivalently, every finite index subfactor N d M \s trivial, i.e. isomorphic with 1 (8) C 
M„(C) (8> N . Note that we proved in [26] the existence of such Hi factors M, using the 
techniques of [12] . 

• Compared to [23], we impose less stringent conditions on the generalized Bernoulli actions 
involved and obtain more general results on outer automorphism groups. We prove that 
the actions PSL(n,Z) r\ (Xq, /Uq)^'-'^"'* for n odd and n > 3, provide Hi factors with trivial 
outer automorphism group. In fact, we provide a concrete construction procedure to obtain 
III factors with a prescribed countable group as an outer automorphism group. The case of 
groups of finite presentation was dealt with in [23] . 

Acknowledgment. I would like to thank the referee for pointing out a gap in the original proof 
of Lemma 14.21 

1 Preliminaries and notations 

All von Neumann algebras in this article have separable predual and all Hilbert spaces are separable. 

Let M be a von Neumann algebra. One calls Hm a (right) M -module if iJ is a Hilbert space 
equipped with a weakly continuous right module action of M . If M is a Hi factor and if we denote 
by L2(M) the Hilbert space obtained by the GNS construction with respect to the unique tracial 
state of M, every M-module Hm is isomorphic with an M-module of the form p(£^(N) (8) L^(M)), 
for some projection p G B(^^(M))(8M. The projection p is uniquely determined up to equivalence 
of projections and one defines dim(ifA/) := (T^t ®t){p). All this was already known to Murray and 
von Neumann (Theorem X in [15j). 

The Jones index of a subfactor C M of a Hi factor is defined as [M : N] := dim(L^(M)jv), see 
[13] . If [M : N] < oo, we call C M a finite index subfactor or a finite index inclusion. 

If (M, r) is a tracial von Neumann algebra with possibly non-trivial center, the dimension dim(HM) 
of a right M-module Hm is defined similarly, but depends on the choice of trace r. In this article, 
there will always be an obvious choice of r, so that we freely use the notation dim(HM)- 

For any von Neumann algebra M, we denote M" := M„(C) (8 M and M°° := B{f(N))'^M. 

Let N and M be von Neumann algebras. An N -M -bimodule nHm is a Hilbert space H equipped 
with commuting, weakly continuous, left A^-module and right M-module actions. An N-M- 
bimodule nHm between tracial von Neumann algebras (A^, ri) and {M,T2) is said to be of finite 
Jones index if dim(jvi?) < oo and dim(/7jv/) < oo. Bimodules between von Neumann algebras were 
studied by Connes (see V. Appendix B in [5j) who called them correspondences, and by Popa [22j. 

If M is a III factor, FAlg(M) is defined as the set of equivalence classes of finite index M-M- 
bimodules. We call FAlg(M) the fusion algebra of the Hi factor M . 

First recall that an abstract fusion algebra ^ is a free N-module N[^] equipped with the following 
additional structure : 
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• an associative and distributive product operation, and a multiplicative unit element e (z G, 

• an additive, anti-multiplicative, involutive map x i— > x, called conjugation, 

satisfying Frobenius reciprocity: defining the numbers m{x, y;z) G N for x,y,z € Q through the 
formula 



one has m(x, y; z) = m{x, z; y) = m{z,y; x) for all x,y, z G Q. The base Q of the fusion algebra A 
is canonically determined : these are exactly the non-zero elements of A that cannot be expressed 
as the sum of two non-zero elements. The elements of G are called the irreducible elements of the 
fusion algebra A. 

If M is a III factor, the fusion algebra structure on FAlg(M) is given by the direct sum and the 
Cannes tensor product of M-M-bimodules. Whenever ip : M ^ pM'^p is a finite index inclusion, 
define the M-M-bimodule H{ip) on the Hilbert space p(M„,i(C) L^(M)) with left and right 
module action given by a • ^ = ip{a)£, and ^ • a = ^a. Every element of FAlg(Af) is of the form H{ip) 
for a finite index inclusion tp uniquely determined up to conjugacy. The Connes tensor product of 
H{iIj) and H{p) is given by H{ij) ®m H{p) ^ iJ((id 

We say that M and N are commensurable IIi factors if there exists a non-zero finite index N-M- 
bimodule. 

Throughout this article, F r\ {X, fi) denotes a probability measure preserving action of a countable 
group F on the standard probability space {X,fi). We will always write F acting on the right on X. 
Associated to F r% is the so-called group measure space, or crossed product, von Neumann 

algebra M = L°°(X) x F. As a tracial von Neumann algebra, (M, r) is uniquely characterized by 
the following properties : 

• M contains a copy of L°°{X) and a copy of F as unitaries {ug)g^r satisfying UgUh = Ugh for 
all g,h ^T, 

• UgF{-)u* =F{-g) for all F G L°°(X) and g E F, 

• T{Fug) = when g 7^ e and r(F) = J F dp for all F £ L°°{X). 

liT r\ {X, fi) and if J7 is a scalar 2-cocycle on F, the cocycle crossed product L°°(X) F is defined 
entirely similarly, the only difference being the relation UgUh = ^{g, h)ugh- Note that the 2-cocycle 
relation that we impose on is exactly the one that makes this last product associative. 

Let F r> {X,p) and denote by (cjg) the associated group of automorphisms of L°°(X) given by 
ag{F{-)) = F{ ■ g). Then, F {X,fi) is called 

• mixing, if limg_»oo ''"(^"^(o)^) = for all a,b L°°(X) ; 

• weakly mixing, if there exists a sequence G F such that lim^^oo '?"(<7g„(«)&) = T{cL)T{b) for 



The following three properties of a probability measure preserving action F r\ {X, /u) are equivalent : 
weak mixing; the Hilbert space L^(X) 0C1 does not have finite dimensional F-invariant subspaces; 
the diagonal action T r\ X x X is ergodic. We refer e.g. to Appendix D of [27j for proofs. 




z 



all a, be L°°(X). 



4 



A group r is said to have infinite conjugacy classes (ICC) if {ghg~^ | (7 € F} is infinite for 
every h ^ e. More generally, we say that a subgroup Fq < F has the relative ICC property if 
{ghg~^ I g G Fq} is infinite for all /i G F — {e}. 

If M is a von Neumann algebra with von Neumann subalgebra A G M, we define the subset 
QN j^{A) as the set of x G M such that there exist xi, . . . , x„, yi, . . . ,ym & M satisfying 

n m 

xA C Axi and Ax C yiA . 

1=1 i=l 

Note that QN]^.j{A) is a unital *-subalgebra of M containing A. The generated von Neumann 
algebra QNj^^(^)" is called the quasi-normalizer of A inside M. If QNj^^(^)" = M, we say that 
the inclusion A C M is quasi-regular. 

If (Xo,/io) is a probability space and if / is a countable set, we denote by (Xo,/xo)^ the infinite 
product probability space. Whenever J C I 01 i £ I, we consider the obvious von Neumann 
subalgebras L'^iX^) and L°°(X^) of L°°(X^). 



2 Main results 

We gather the main results of the article in this section. All the proofs, including a more detailed 
discussion of the given examples, are provided in Section [3 based of course on the work done in 
Sections [3]l6l 

We make a detailed study of the IIi factors given by generalized Bernoulli actions. These actions 
are defined as follows. 

Definition 2.1. Let (Xo,/Uo) be any standard probability space. If the countable group F acts 
on the countable set I, we call the action F r\ {Xq,iio)^ a generalized Bernoulli action. We call 
(Xo,/io) the base space of the generalized Bernoulli action and we note that it is allowed to be 
atomic. But we assume of course that is not concentrated on one atom. 

The following is the main theorem of the article : we describe entirely explicitly all finite index 
bimodules between the IIi factors and M coming from 'good' generalized Bernoulli actions of 
'good' groups. These kind of good actions are introduced in Definitions 12.31 and 12.41 below. 

Theorem 2.2. Let A r\ J and T r\ I be good actions of good groups (see Def. \2.4\ )- Take 
scalar 2-cocycles uj G Z'^{A,S^) and 17 G Z'^{r,S^). Consider the generalized Bernoulli actions 
A r\ {Y,r]) = (Yoj^)"^ and F (A, /u) = (Ao,/io)^- Define the Ih factors 

A^ = L°°(y)x^A and L°°(A)xnF. 

Suppose that nHm is a finite index N -M -bimodule. Then, the following holds. 

• The actions A r\ J and T r\ I are commensurable : there exists a bisection A : J ^ I 
and an isomorphism 5 : Ai — > Fi between finite index subgroups of A, resp. T, satisfying 
A(5 • j) = S{g) ■ A{j) for all j £j, geAi. 

• The probability spaces (lo)%) CLnd (Ao,/io) o,re isomorphic. 

• There exists a finite dimensional projective representation vr of Ai such that 17^(0 o S) = u 
on Ai. 



5 



Moreover, the N-M-bimodule nHm can he entirely described in terms of the above data. We refer 
to Thm. \6.4\ and Prop, \6.10\ for a precise statement. 

The following consequences will be deduced from Theorem 12.21 

• Corollary 12.71 provides the first explicit example of a IIi factor M without non-trivial finite 
index bimodules. Equivalently, every finite index subfactor C M is isomorphic with the 
trivial subfactor l^N C M„(C)<8>A^. The existence of such IIi factors had been shown before 
by the author in |26j . 

• When M = L°°((Xo, ;Uo)^) xi T is as above and (Xo,/xo) is atomic with unequal weights, 
the fusion algebra of finite index M-M-bimodules, can be identified with the extended Hecke 
fusion algebra of the Hecke pair given by F < Commp^j.^^^/) (F) : see Theorem 12.81 Here 
Commpej.m(/)(r) denotes the commensurator of T inside the group Perm(/) of permutations 
of /, see Definition 12.31 This provides the first explicit computations of the fusion algebra for 
a family of Hi factors. 

• In 12.91 we provide several examples, yielding concrete Hi factors whose fusion algebras are 
given by the extended Hecke fusion algebra of Hecke pairs like SL(n,Z) < GL(n, Q) or 
(R* X i?) < (Q* X Q) where Z C i? C Q is a subring sitting strictly between Z and Q. 

• The outer automorphism group Out(M) can be explicitly computed for the generalized 
Bernoulli Hi factors above, see Corollary 12.111 In 12.121 this yields rather easy Hi factors 
without outer automorphisms. 

• Every countable group arises as the outer automorphism group of a Hi factor. 

We introduce the necessary properties of actions and groups in the following two definitions. 
Definition 2.3. Let F nv I be an action of the group F on the set /. 

• We say that J C I has infinite index if I ^ [Ji=i 9iJ fo'^ all n € N and all gi, . . . , g^i £ F. 
We consider the following properties oiV r\ I. 

(CI) The set / is infinite, the action T r\ I \s transitive and Stabi r\ I\ {i} has infinite orbits for 
one (equivalently all) i ^ I. 

(C2) The minimal condition on stabilizers : there is no infinite sequence {in) in / such that 
Stab{io, . . . , i„} is strictly decreasing. 

(C3) A faithfulness condition : for every g GT with g ^ e, the subset Fixg C / has infinite index 
in the sense defined above. 

Let F be a group and Fq < F a subgroup. 

• The commensurator of Fq inside F is defined as 

Commr(Fo) := {5 € F | gTQg~^ fl Fq has finite index in both gTQg~^ and Fq} . 
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• The subgroup Fq < F is called almost normal if Commr(ro) = T. Under this condition, one 
also calls Fq < T a Hecke pair. 

Definition 2.4. We say that F I is a good action of a good group if F is a group admitting an 
infinite almost normal subgroup with the relative property (T) and if the action T r\ I satisfies 
conditions (CI), (C2) and (C3). 

We immediately illustrate that there are indeed plenty of examples and constructions for good 
actions of good groups. 

Examples 2.5. In Definition 12.31 above, it is of course condition (C2) that is the least intuitive. 
The following principles allow to construct many examples of actions satisfying (C2). As for all 
other results in this section, proofs are given in Section [71 

• Let y be a finite-dimensional vector space. Then, the actions {GL{V) V) r\ V and 
PGL(y) rx P{V) satisfy condition (C2). 

• Suppose that T r\ I satisfies (C2) and take Ji C / as well as Fi < F. If Ii is globally 
Fi-invariant, then Fi r\ Ii satisfies (C2). 

• If both T nv I and A nv J satisfy (C2), the same is true for (F x A) ^ (/ x J). 

• Let F be a group. Then, the left-right action (F x F) r\ F satisfies (C2) if and only if F 
satisfies the minimal condition on centralizers : there is no infinite sequence {gn) in F such 
that Cr(5i, • • • , (7n) is a strictly decreasing sequence of subgroups of F. The minimal condition 
on centralizers has been studied quite extensively in group theory, see e.g. [3]. The following 
families of groups satisfy the minimal condition on centralizers : linear groups, C"(l/6)-small 
cancelation groups, word hyperbolic groups. 

Note also that for the left-right action (F x F) F, the following three properties are equivalent : 
condition (CI), condition (C3) and the ICC property of F. 

As a result, we list the following concrete examples of good actions of good groups. 

• PSL(n,Z) r\ P(Q") and PSL(n,Q) r\ P(Q") for n > 3. 

• SL(n,Z) K Z" acting on Z" and SL(n,Q) x Q" acting on for n > 2. 

• (PSL(n,Z) X F X F) ^ (P(Q") x F) where n > 3 and F is an arbitrary ICC group satisfying 
the minimal condition on centralizers. 

Remark 2.6. Let T r\ I satisfy (CI), (C2) and (C3). Whenever H < T \s infinite and almost 
normal, the restricted action H r\ I has infinite orbits and so, H r\ [Xq^hqY is weakly mixing. 
Indeed, once Hq := H Ci Stabio has finite index in H for some io G /, one constructs by induction 
finite index subgroups Hn of H and a strictly decreasing sequence Stab(io, . . . ,in) containing Hn- 
This contradicts condition (C2). 

Also, conditions (CI) and (C3) imply immediately that the generalized Bernoulli action F r\ 
{Xqj^qY is essentially free and ergodic. 



7 



2.1 Computations of all finite index bimodules of certain IIi factors 

As announced above, Theorem 12.21 allows to entirely determine all finite index M-M-bimodules for 
certain IIi factors M. 

Corollary 2.7. Let T = SL(2,Q) t< act on by affine transformations. Let a e R \ {0}. 
Consider the scalar 2-cocycle Q,a G ■Z^^(Q^) defined by Qa{{x,y), {x' ,y')) = exp(27ria(a;y' — yx')). 
Extend JIq, to the whole ofT by SL{2, 'Q)-invariance. 

Consider the IIi factors 

M{a,Xo,lio) := L°^((Xo,/xo)^') Xn„ T . 

Then, the following holds. 

• If M = M(a, Xq, /xq) for an atomic hq with unequal weights, every finite index M -M -bimodule 
is a multiple of the trivial M-M -bimodule L^(M). 

• The III factors M{a,XQ, ^q) and M{p,Yo,r]Q) are commensurable if and only if a = (3 and 
(Xo,/io) = {Yo,vo). 

In order to describe in general the fusion algebra of the IIi factor L°°((Xo, /xq)^) x T for a good 
action T r\ I, we introduce the notion of extended Hecke fusion algebra. 

Let r < G be a Hecke pair, i.e. T is an almost normal subgroup of G. The usual Hecke fusion 
algebra H{r < G) is defined as follows 

TC{r < G) = {£, : G ^ N \ is F-bi-invariant and supported on a finite subset of r\G/r} , (1) 

i^*v)i9)= ^(9h-') Tjih) forall e,ryG7i(r<G). 

her\G 

We next define the extended Hecke fusion algebra 7Yrep(r < G) in such a way that there are fusion 
algebra homomorphisms 

Repfi,(r) ^ H,ep(r <G)^n{T<G), 
where Repgjj(r) denotes the fusion algebra finite dimensional unitary representations ofV. 

As a set, TCrep(r < G) is most conveniently defined as the set of unitary equivalence classes of finite 
dimensional representations of the full crossed product C*-algebra co(r\G) xif T. But it is not clear 
to us, how to exploit this picture to write the fusion product on 7Yi.ep(r < G). Therefore, note that 

co(r\G) XfT - MR^g){C)®Cl,,{T^^g-^Tg) where R{g) = [T -.Tng-^Tg] . 
ser\G/r 

Then, define 7^rep(r < G) as the set of functions ^ : g ^ on G satisfying 

• for all g ^ G, E,g is either 0, either a (unitary equivalence class of a) finite dimensional unitary 
representation of the group T^ := Fn g~^Tg, 

• for all 5 G G and 7 S F, we have = and — ° Ad 7, 

• ^ is supported on finitely many double cosets Fg^F. 
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The fusion product on Tlrcp(r < G) is given by 

(e *v)g= [r^ : r, n r^]-' Indf ^nr, ( i^ah-^ o Ad /i) ^ r/^ ) 
her\G 

= Indf^nr,((e3h-°Ad/i) . 

her\G/r, 

Whenever ^ G Ti.rcp(r < G), the function g dim(^g) belongs to Ti.{T < G). This yields the fusion 
algebra homomorphism 7Yrcp(r < G) ^ H{T < G). 

On the other hand, when vr is a finite dimensional unitary representation of F, define = ^ for 
g GT and = elsewhere. Then also Repfin(r) Hrcpi^ < G) is a fusion algebra homomorphism. 

To prove the associativity of the fusion product on 'Hrcp(r < G), one has to do a painful exercise 
in order to obtain the symmetric expression 

i^*V*p)9= [^9 : n T;, n Ffc]-! Indf ^nr.nr, ( i^gh-^ ° Ad /i) ® {7]hk-^ oAdk) ^ pk) . 
h,ker\G 

Theorem 2.8. Let T r\ I he a good action of a good group. Take (Xo,/Uo) atomic with unequal 
weights and set M = L°°((Xo, /io)^) ><i T- Define G as the commensurator ofT inside Perm(/). By 
construction T < G is a Hecke pair. 

Then, the fusion algebra FAlg(M) of the IIi factor M is naturally isomorphic with the extended 
Hecke fusion algebra TirepO^ < 

The isomorphism FAlg(M) = 7^i.ep(F < G) sends mHm to ^ in such a way that 

dim(M^)= Yl -TDgrg-^] dim{Q and dim(i/M) = ^ [F : F n ^"'F^] dim(C^;) . 
ger\G/r 9Gr\G/r 

Example 2.9. We have the following table of concrete computations of fusion algebras of IIi 
factors. In the left column, we write good actions of good groups T r\ I and in the right column we 
identify the fusion algebra FAlg(M) of the associated IIi factor M = L°°((Xo, /xq)^) x F with the 
extended Hecke fusion algebras of a number of natural Hecke pairs. As before, we systematically 
take an atomic base (Xo,//o) with unequal weights. 





T rxl 


FAlg(M) 


1. 


(SL(n,Z) K Q") r%Q" 


Hrcp(SL(n,Z) < GL(n,Q)) 


2. 


A < PSL(n, Q) a proper subgroup with the relative ICC 
property and take (A x PSL(n,Q)) r\ PSL(n,Q) by left- 
right action. Assume that n > 3. 


?^rep(A < Comma (A)) 

where G = ^ x PGL(n,Q) 
and ^ acts by ^ i-^ (^^)~"^- 


3. 


Let Z C i? C Q be a subring strictly between Z and Q. 
Set A = SL(2,Q) x Q^. 

Define Aq < A consisting of the elements ((og-i)'(S)) 
for q e R*,x e R,y e Q. 

Equip Aq, A with the 2-cocycle Qa, a / as in Cor. 12.71 
Finally, let (Aq x A) r> A by left-right action. 


HrepiiR* X i?) < (Q* X Q)) 



9 



In the final example, we define M as a cocycle crossed product, see Cor. 12.71 Note that a subring 
of Q is of the form R = Z[p-^], where V is a set of prime numbers. 

Remark 2.10. For the following heuristic reason, it is interesting to have concrete examples of IIi 
factors with fusion algebra TCrcp{{R* x i?) < (Q* x Q))- In general, the complexified fusion algebra 
FAlg(i-(M) of an arbitrary IIi factor is equipped with the so-called modular automorphism group 
(o't)tGM •■ whenever mHm is an irreducible finite index M-M-bimodule, define 

/ dim(A/ij') \-^* 
<^t{M^M) — I -r- — 777 — T M-tiM 
\dim{HM) ) 

and extend at uniquely to an automorphism of the complex *-algebra FAlg([-(M). Having examples 
where this modular automorphism group is non-trivial and entirely computed, provides the following 
link with quantum statistical mechanics, initiated by Bost and Connes in [2]. 

Under the isomorphism FAlg£(M) = 'Hj^p(r < G) of Theorem 12.81 the modular automorphism 
group [at) corresponds to the natural modular automorphism group of 7^^p(r < G) given by 

, / [r:rngrg-i] x^^t 

= \\V:Vrxg-^Tg\) ' 

The same formula defines the modular automorphism group on the usual complexified Hecke algebra 
7ic(r < G). In the case of the Hecke pair (1 ix Z) < (Q* k Q), Bost and Connes classify in [2] 
the KMS/3-states for the reduced C*-algebra completion of 7ic(r < G) equipped with the time 
evolution given by the modular automorphism group of Hc(r < G). It is now a natural problem to 
study KMS/3-states for the Hecke pair (R* x i?) < (Q* x Q), or even for the fusion algebra FAlg(M) 
provided bv l2.9[ 3. 



2.2 Computations of the outer automorphism group of certain IIi factors 

Since we were able to describe all finite index bimodules for the IIi factors M = L°° ((Xq, /io)^) ^ T, 
it is of course possible to describe all automorphisms as well. For the convenience of the reader, we 
state the result explicitly. 

Corollary 2.11. Let T r\ I be a good action of a good group. Set M = L°° ((Xq, /Uq)^) x F. Then, 
the outer automorphism group of M is given by 

/ G\ 

Out(M) = Aut(Xo,/io) X ^CharF x — j where G equals the normalizer ofV inside Perm(/). 
The action OJ ■ g of g G y on uj G Char F is given by oj ■ g = uj o Ad g. 
We illustrate the previous corollary by the following explicit computations. 

Examples 2.12. 1. Whenever n > 3 is odd and {Xq,^q) is an atomic probability space with 
unequal weights, the action PSL(n,Z) r\ P(Q"') yields a Hi factor M with trivial outer 
automorphism group, remembering n and the base space (Xo,/io)- 

2. Let A be an ICC group satisfying the minimal condition on centralizers. Assume that A 
cannot be written as a non-trivial direct product. Consider the direct product of the action 
PSL(n, Z) r\ P(Q") (with n > 3, n odd) and the left-right action of A x A on A. Again taking 
an atomic probability space with unequal weights, we obtain Hi factors M such that 

Out(M) ^ (Char A x Out A) x Z/2Z . 
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Playing with some modification of Example I2.12[ 2 and using the main result of we will prove 
the following result. 

Theorem 2.13. Every countable group arises as the outer automorphism group of a IIi factor. 
Organization of the article and the proofs 

In the next two sections, a lot of preparatory material is gathered. We first introduce in Section [3] 
Popa's technique of intertwining-by-bimodules and we prove some results that are needed through- 
out the main proofs of the article. Section S] is still a technical preparatory section : we prove 
a result that allows to control quasi-normalizers of subalgebras of crossed product von Neumann 
algebras. Again, these results are used several times in the main proofs of the article. 

The core of the proof of Theorem 12 .21 is given in Sections [5] and [H Use the notations of Theorem l2.2[ 
If nHm is a finite index bimodule, it will be shown in Section [5] that H contains an L°°(y)-L°°(X)- 
subbimodule K satisfying dim(i^L°°(x)) < oo. This result is then combined in Section [6] with 
Popa's cocycle superrigidity theorem (see [E]), to describe nHm in terms of a commensurability 
of the actions K r\ Y and T r\ X, as, well as a finite dimensional projective representation of a 
finite index subgroup of A. 

At the end of Section EJ we call elementary bimodules the ones that can be described in terms of a 
commensurability of the actions and a finite dimensional representation. Theorem 12.21 can then be 
rephrased as saying that every finite index A^-M-bimodule is elementary. We determine the fusion 
rules between such elementary bimodules. 

In the final Section [TJ we compile all the work of Sections [3] -[6] into proofs for the results announced 
above. 

3 Intertwining by bimodules 

In [191 [H]) Sorin Popa has introduced a very powerful technique to obtain the unitary conjugacy 
of two von Neumann subalgebras of a tracial von Neumann algebra (M, r). We make intensively 
use of this technique. In this section, we recall Popa's definition and prove several results that are 
needed later. 

Definition 3.1. Let A,Bc. {M,t) be possibly non-unital embeddings. We say that 

• A -< B a 1aL^{M)1b contains a non-zero j4-i?-subbimodule K satisfying dim(i^B) < oo. 

M 

f 

• A ~< B Ap -< B for every non-zero projection p E I^MIa H A . 

M M 

The relevance of Definition 13. II lies in the following theorem due to Sorin Popa. Proofs can be found 
in Theorem 2.1 of [19] or Appendix C of [27]. In the list of equivalent conditions in Theorem 13.21 
below, condition 3 is, in a sense, the most useful, since it provides a powerful method to give proofs 
by contradiction. 

Theorem 3.2 (Popa, Thm. 2.1 in [19j). Let A,B C {M,t) be possibly non-unital embeddings. 
Then, the following are equivalent. 
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1. A'< B. 

M 

2. There exists a, possibly non-unital, * -homomorphism : A ^ B^ and a non-zero partial 
isometry v € Mi^„(C) ® Ia^^b satisfying av = v'ip{a) for all a ^ A. 

3. There does not exist a sequence of unitaries {un) in A satisfying \\EB{x*Uny)\\2 — ^ for all 
x,y(£ IaMIb. 

Remark 3.3. We will use several times the following seemingly stronger version of Theorem 13.21 
Suppose that / is a countable set and that A, Bi C (M, r) are possibly non-unital embeddings for 
all i ^ I. If for all z € /, we have A Bi, there exists a sequence of unitaries in A such that 

M 

for alH G / and all x,y £ IaMIb^, we have \\EB.i{x*Uny)\\2 0. 

Indeed, let {xk)k£n be a || • ||2-dense sequence in the unit ball of M and / = {ik \ k £ N}. Fix 
n G N. View A and Cn := Bq ® ■ ■ ■ ® Bn as embedded in M". By our assumption and the 
second characterization in Theorem 13.21 A Cn- So, we can take a unitary Un £ A such that 

M 

\\EB^{lBk^i'^nXjlBk)\\2 < 1/"- for all < i,j,k < n. The sequence satisfies the required 
properties. 

We leave the proof of the following elementary lemma as an exercise. 

Lemma 3.4. LetA,B C {M,t) be, possibly non-unital, embeddings. Let qo € A, qi € IaMIa^^A', 
Po B and pi G IbMIb D B' be non-zero projections. 

• If qnAqn ^ B or if qiA -< B, then A ^ B. 

M M M 

• If A ^ PoBpo or if A ^ piB, then A ^ B. 

M M M 

• If A B and if D C A is a unital von Neumann subalqebra, then D ~< B. 

M M 

Lemma 3.5. Let A,BcM be, possibly non-unital, embeddings. If A ~< B, then IbMIb D B' ~< 

M M 

IaMIaHA'. 

Proof. Let A B. Take a projection p G B^, a non-zero partial isometry v G 1a(Mi n(C) (?) M)p 

M 

and a unital *-homomorphism ip : A ^ pB'^p satisfying av = vij){a) for all a £ A. Set pi = v*v G 
pM> n ip{Ay and D = piipM'^p n Since vDv* C IaMIa n A' and v*v = l^,, we have 

D ^ IaMIa n A'. By Lemma Ell we have 

M 

pWp n MA)' ^ IaMIa n A' . 

M 

But, p commutes with 1 ® {IbMIb H B') and p{\ ® {IbMIb H B')) is a unital von Neumann 
subalgebra oi pM^p r\ip{A)' . It follows that 

p{l {IbMIb n B')) -< IaMIa n A' . 

M 

Yet another application of Lemma 13.41 yields the conclusion. □ 
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Remark 3.6. The relation -< between von Neumann subalgebras of (M, r) is not transitive. This 

M 

is quite obvious : let (M, r) be a IIi factor and p € M a non-trivial projection. Then, M ~< 

M 

{pMp + C(l - p)) and {pMp + C(l - p)) -< CI, but clearly M ^ CI. Nevertheless, we have the 

M M 

following results. 

f 

Lemma 3.7. Let A,B,Dc (M, r) be possibly non-unital embeddings. If A ^ B and B ^ D, then 

M M 

A^D. 

M 

Proof. Take, possibly non-unital, embeddings ip : A ^ B"^ and ip : B ^ D"^ together with non-zero 

partial isometries v € Mi^„(C) IaMIb and w £ Mi^m(C) IbMId satisfying av = vil)[a) for 

f 

all a G ^ and hw = wip(b) for all b £ B. Because B ~< D, we can take ww* G IbMIb H B' 

M 

arbitrarily close to 1b- In particular, we can take w in such a way that v{l (Si w) 7^ 0. Since 
av{l (i^ w) = v{l 'w){id0ip)ip{a) for all a G ^, we are done. □ 

Remark 3.8. Let P,Bc {M, r) and A C B he possibly non-unital inclusions. 

Suppose first that our aim is to prove that P ~< A. Although the relation -< is not transitive, 

M M 

we can nevertheless proceed in a two-step procedure. First prove that P ~< B. Take a unital 

M 

*-homomorphism ip : P ^ pB^p and a non-zero partial isometry v G Mi^„(C) IpMl^ satisfying 
av = vtp{a) for all a G P. Moreover, we can assume that p equals the support projection of Eb{v*v). 
In a second step, prove that '4^{P) -< A. This yields a possibly non-unital *-homomorphism ip : P ^ 

and a non-zero partial isometry w G p(M„.m(C) (8)-B1a) satisfying ip{a)w = wip{a) for all a £ P. 
We have then shown that P ^ A, since vvo 7^ : if vw would be 0, also Eb(v*v)w = Eb(v*vw) = 0, 

M 

implying that vu = pw = 0, a contradiction. 

Secondly, we deduce from the previous paragraph the following precise statement : \i P ~< B and 

M 

P 7^ ^, we can take a unital *-homomorphism tp : P ^ pB'^p and a non-zero partial isometry 

M 

V G Mi^„(C) ® IpMlB satisfying av = v'ip{a) for all a G P and moreover satisfying V'(-P) 7^ ^■ 

B 



Intertwining by bimodules and inclusions of essentially finite index 

If C M is a subfactor of a IIi factor, the Jones index [M : N] is defined as [M : A'^] := 
dim(L^(M)Ar). We say that the subfactor A^ C M is essentially of finite index, if there exists a 
sequence of projections pn £ N' (1 M such that p„ ^ 1 and Npn C pnMpn has finite Jones index 
for all n. In Proposition IA.2I in the Appendix, we define and characterize essentially finite index 
inclusions of arbitrary tracial von Neumann algebras. 

f 

We collect in this subsection several general results about the notions -<, -< and (essentially) finite 

M M 

index inclusions. 

Lemma 3.9. Let N,B C (M, r) be possibly non-unital embeddings. Let A C N be a unital 
embedding that is essentially of finite index. 

• IfA^B, then N -< B. 

M M 
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• IfB^N, then B ^ A. 

M M 

Proof. Let A ~< B. Take a, possibly non-unital, *-homomorphism ip : A ^ B^ and a non-zero 

M 

partial isometry v £ Mi^„(C) ^ IaMIb satisfying av = v'ip{a) for all a £ A. Note that vv* G 
IaMIa n A' and that 1a = In- Let p £ N n A' denote the support projection of Ej\f{vv*). Take 
q < p, a non-zero projection in n j4' such that L'^{Nq) is finitely generated as a right j4- module. 
So, there exists a possibly non-unital *-homomorphism ip : N ^ A^ and a non-zero partial isometry 
w G Mi^m(C) ® Nq satisfying xw = w(p{x) for all x G N. 

We claim that w{l®v) ^ 0. Once the claim is proven, the equality xw{l®v) = w{l®v){id^ijj)ip{x) 
for all x (z N, implies that N ~< B. Suppose that w(l ^ v) =0. Then, w(l ^ E^ivv*)) = 

M 

E]\f{'w{l (8) vv*)) = 0, implying that w{l (g)p) = 0. Since vu G Mi^m(C) (8) Nq, this would imply that 
w = 0, contradiction. 

Since ^ C has essentially finite index, we have N ~< A and so Remark 13.81 yields the second 
statement. □ 



The most subtle abstract result on intertwining bimodules and (essentially) finite index inclusions 
that we need is Theorem 13.111 below. We first introduce the following notation. 

Notation 3.10. Let {N,t) and (M, r) be tracial von Neumann algebras and A C N, B C M von 
Neumann subalgebras. Let nHm be an A''-M-bimodule. 

• We set A ^ B \i H contains a non-zero y4-i?-subbimodule K <Z H with dim(i^B) < oo. 

H 

f 

• We set yl ^ i? if every non-zero ^-M-subbimodule K C H satisfies A ^ B. 

H K 

Note that if dim(f/'jv/) < oo and if we write nHm — ^{n)P{^'^{^) ® L^(M))m for some *-homomor- 
phism ip : N ^ pM°°p and a projection p G M°° satisfying (Tr (g)r)(p) < oo, then 

• A ~< B if and only if ihiA) ~< B, 

f f 

• ^ -< i? if and only if ihiA) ■< B. 

H ^ ' M 

Theorem 3.11. Let {N,t) and {M,t) be tracial von Neumann algebras with von Neumann subal- 
gebras A C N and B C M. Assume that 

• every A-A-subbimodule K C L^(A^) satisfying d\va.{KA) < oo is included in L^(^), 

• every B -B -subbimodule K C L^(M) satisfying dim(i^B) < co is included in L^(i3). 

Suppose that nHm is a finite index N -M -bimodule such that, using Notation \3.10\. 

f f 
A^ B and A >- B . 

H H 



14 



Then there exists a projection p E B°° with (TV ®t){p) < oo and a * -homomorphism ip : N ^ pM°^p 
such that 

• nHm = ^(^)p(^2(N) 0L2(M))Af , (2) 

• V'(^) pB°°p and this inclusion has essentially finite index. 

Moreover, through the isomorphism p{£'^(N) (g) L^(i?)) is the smallest A-B-subbimodule of H 
that contains every A-B-subbimodule K satisfying (Mm{KB) < oo or dim(^iC) < oo. 

Proof. Write 

nHm = ^(7V)Po(^'(N) L^{M))m (3) 

for some finite index inclusion ip : N ^ pqM°°pq and a projection po ^ satisfying (Tr ®t)(po) < 
oo. 

Claim. There exists a sequence of non-zero central projections z„ E 2^ (A) summing to 1 and a 
sequence of A-S-subbimodules C ZnH satisfying 

• dim((/^")B) < oo, 

• every yl-i?-subbimodule K C ZnH satisfying dim(^i^) < oo is included in X", 

• there exists a *-homomorphism -0^ : A — > pnB^"pn and a partial isometry f„ G Po(Moo,fe„ (C)(X)M) 
satisfying ip{a)vn = fnV'n(fl) for all a G ^ and VnVn — vi^n)- So, writing g„ = f*v„, we get 
the isomorphism 

A{ZnH)M = ^„(A)gn(Mfc„,i(C) 0L2(M))Af . 

Through this isomorphism, corresponds to qn{M.k„,i{'C) (E> L^(i?)). Moreover, pn is the 
support projection of Esiqu)- 

Proof of the claim. It is sufficient to take an arbitrary non-zero central projection z G Z{A) and 
to prove the existence of a non-zero subprojection zq G Z{A) and an ^-i?-subbimodule C zqH 
satisfying the three conditions above. Write, with the notations of ([3]), P = 'p{A)' npQM°°pQ. Since 
A'{^N = Z{A), it follows from Lemma fA.SI that ip{Z(A)) C P has essentially finite index. Moreover, 
ip(Z(A)) C Z{P). Making z smaller, we can then assume that the inclusion ip{Z{A)z) C P'-p{z) is 
isomorphic with C M;j(C) (8) C' (8)^(^)2. We retain the existence of a finite number of 

projections /i, . . . , G P>p{z) summing to Lp{z) and satisfying fiPfi = fi(p{Z{A)) and fiip^a) ^ 
whenever a G Z{A)z is non-zero, 
f 

Since A ^ B, ^Ne inductively construct 

• a decreasing sequence zi> ■ ■ ■ > Zm non-zero projections in Z{A)z, 

• for every i = 1, . . . ,m, projections pi G i?"' and *-homomorphisms tpi : A ^ piB^'^pi, 

• partial isometries Vi G Moo,ni(C)(8'M satisfying (p{a)vi = Vi'4ji{a) for all a G and ViV* = 
fMzi). 

Set 

zq — Zm. We can cut down every Vi with ^^(^^o) and then take the direct sum of all Vi and ipi 
for i = 1, . . . ,m. We have found a projection p G -B", a * -homomorphism ip : A ^ pB^p and a 
partial isometry v G Moo,n(C)(8>M satisfying Lp{a)v = vip{a) for all a G A and to* = (/^(^o)- Set 
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q = v*v € pM^p n V'(^)'- Since the support projection of Esiq) belongs to pB^p n il^^A)' , we may 
assume that p equals the support projection of Esiq)- Using v, we get that 

a{zoH)m = ^(A)g(M„,i(C) «)L2(M))m . 

Through this isomorphism, we define the ^-5-subbimodule K° C zqH as g(M„_i(C) L'^{B)). 
Clearly, dim.{(K^)B) < oo. Suppose now that K C zqH is an ^-i?-subbimodule satisfying 
dim(AK) < oo. View K C g(M„,i(C) L2(M)). We can densely span K by the components 
of vectors ^ G M„,i(C) (g) g(M„,i(cj L'^{M)) satisfying C (M^(C) (g) V-l^))^ C S™"^. By our 
assumptions, it follows that all the components of ^ belong to L'^{B) and hence K C K^, proving 
the claim. 

Let Zn and be as in the claim above. By symmetry, there also exists a sequence of non-zero 
central projections ?/„ € Z{B) summing to 1 and a sequence of ^-i?-subbimodules L" C Hyn 
satisfying 

• dim(yi(L")) < oo, 

• every ^-5-subbimodule L C Hyn satisfying d\m.{LB) < oo is included in L". 

It follows that ZnLi"^ C K^y^ and K'"'ym C ZnL"^- So, ZnL"^ = K^ym for all n, m. In particular, 
d\m.{A{K'^ym)) < oo for all n,m. 

Fix n and consider again i^" : we have a projection p G i?*^, a *-homomorphism tp : A ^ pB^p 
and a partial isometry v € Moo,fc(C)(8)M satisfying ip{a)v = vij){a) for all a G A and vv* = ip{zn)- 
Moreover q = v*v G pM^p fl '!/'(^)' and p is the support projection of Esiq)- But now we know 
that dim(^(i^"ym)) < c« for all m, meaning that 'il){A)ym C pB^py^ is an inclusion of finite index. 
Hence, iIj{A) C pB^p is essentially of finite index. Combining this with the fact that q commutes 
with V'l^)) we conclude that q belongs to the quasi-normalizer olpB^p inside pM^p, which equals 
pB^p. So, q G pB^p. Since p is the support projection of EB{q), we get p = q. 

Summing up all the partial isometrics v corresponding to the central projections Zn, we find the 
partial isometry v G M°° satisfying vv* = po (with po as in ([3|)) and further satisfying p := v*v G 
B°° with v*ip{A)v C pB°°p and the latter being an inclusion of essentially finite index. □ 

4 Controlling quasi-normalizers and relative commutants 

In order to deduce unitary conjugacy uAu* C B of von Neumann subalgebras A,B C (M, r), out 
of the weaker property A ~< B, the main problem is to control the projection v*v where v is given 

M 

bv 13.21 2. This projection v*v belongs to the relative commutant of ip{A) inside ^(1)M""(/'(1), but 
we have no a priori knowledge about the position of ^{A) inside 5". In Section 3 of [19], Popa 
proved a crucial result giving control on such relative commutants by using mixing properties. The 
main observation is contained in Lemma 14.11 below. Since the exact form of the lemma as we need 
it here, is not available in the literature, we give a complete proof for the convenience of the reader. 

In Lemma 14. 2^ we then show how to use in a concrete setting, the basic principle provided by 
Lemma 14.11 

Lemma 4.1. Let B C (M, r) and H C L^(M) a B-B-suhhimodule. Denote by es the orthogonal 
projection of\?[M) onto L^(i?). Assume that Un is a sequence of unitaries in B such that 

WesixUnOh ^ for all X e M,^ e . 
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Then, every B -B -subbimodule K of'L?'{M) satisfying dim(i^^s) < oo, is contained in H. In partic- 
ular, the quasi-normalizer QNj^{B)" is contained in H Ci H* . 

Proof. Let ^ G Mi_fc(C) 0L2(M) and : -B ^ a possibly noii-unital *-homomorphism satisfying 
= ^ip{b) for all b ^ B. It is sufficient to prove that all entries of ^ belong to H. Denote by pjj 
the orthogonal projection of L^(M) onto H and continue writing cb and pn for their respective 
componentwise extensions to matrices over L^(M). 

We define r) = ^ — Ph{0 and we have to prove that ry = 0. Since pH commutes with the left and 
with the right action of B, we have bq = r]ip{b) for all 6 G .B. Since all entries of 77 belong to H^, 
we get for all x G M that 

||eB(x?7)||2 = \\eBixri)il;{un)\\2 = \\eB{xUnri)\\2 . 

So, eB{xrj) = for all x G M, implying that r/ = 0. □ 

Lemma 4.2. Let T r\ I be an action of a group T on a set I and consider T r\ (X, ^) = {Xq, ^q)^ . 
Denote M = L°°{X) xi F. Let Ii C I and set Norm/i = {g & T \ gli = Ii)- Then, the following 
holds. 

1. If Be p>C(Stab/i)"*p and if for alliel\ h, 

B -/< £(Stab(/i U {%))) , 

£(Stab/i) 

then QNpMrr^piB)" C p{L°°{X^') x NormJi)>. 

2. If Be p(L°°(X^i) X Norm/ij^p and if for alli£l\h, 

B -/< L°°(X^i) XI (Norm(/i) n Stabi) , 

then, denoting P = L°°{X) xi Norm Ji, we have QNppmp{B)" C p{L°°{X^^) x Norm/i)'"p. 
Moreover, if I\Ii is infinite, the inclusion 

QNpMmpiB)" c pM> 

cannot have finite index. 

3. If Be p(L°°(X) X Stab7i)"^p and if for alliel\h, 

B 7^ L°°(X) X Stab(Ii U {i}) , 

L°°(X)xStab7i 

then qNpMmp{B)" C p(L°°{X) x Norm/i)>. 

Throughout the proof of the lemma, we regard A C so that a € A also denotes l(8'a G M„(C)(8i^. 
Similarly, for a conditional expectation Eb : A ^ B, the notation Eb also denotes the amplified 
conditional expectation — > B"^. 



17 



Proof of 1 . Set D = (^o^ ) ^ Norm Ii . The assumptions and Remark 13.31 yield a sequence of 
unitaries u„ € i? such that for alH £ / \ Ii and g,h £ Stab(/i), 

\\Ec{Stah{IiU{i})){UgUnUh)\\2 ^ . 

Set = {g G T \ gli C Ii} and define H as the closed hnear span of the subspaces L°°{X)ug, 
g e J, oi L^{M). Observe that H is an £ (Stab /i)-/: (Stab /i)-subbimodule of L^{M). We claim 
that 

\\Ec{Ste.bh)iaUgUnbUh)\\2 

for all a,b e L°°{X),g € r,h G T \J. Indeed, because h e T \ J, take i e hh \ h. Write 
Un = Sfcgstab/i ''^n{k)uk where the Un{k) are scalar matrices. Hence, 

\\Ec{sti,hh){aUgUnbuh)\\l= ^ |r(ac7gfe(6))p ||u„(/c)||| . 

feGStab /iHg-l (Stab 

If at the right-hand side we are not summing over the empty set, take ko E Stab/i such that 

Stab/i n g-^{StahIi)h-^ = ko^{StahIi n h{Stahh)h-^) C k^^ Stab(/i U {i}) . 
It follows that 

\\Ec{Sti,hh){aUgUnbUh)\\2 < \\a\\2 \\b\\2 ||-E^/:(Stab(7iU{i})) ('"fco'"™) II2 . 

So, the claim is proven. Observing that H n H* = h'^{L°°{X) xi Norm/i), Lemma |4 . 1 1 implies that 
QNpM^piBy Cp{L^{X) X Norm/i)™p. 

To conclude the proof of 1, it remains to show that the quasi- normalizer of B inside p{L°°{X) x 
Norm/i)'"p is contained in p(L°°(Xq^) xi Norm/i)™'p. Because B C pC{T)^p and using Lemma f4. 11 
it is sufficient to prove that \\Ec(r){aUnb)\\2 ^ whenever a € L~(X) and b G L°°(X) L~(Xoi). 
We may assume that a G L°°{Xq) for some finite set J C / and that 6 = 6162 with bi € L°°(Xq)0C1 
and 62 € L°°(Xo\'f*^) for some iel\h. Observe that 

\\Ec{r){aUnb)\\l = ^ |r(acjfc(6))p ||n„(A:)||| . 

fcGStab/i 

Whenever /ci ^ J, we have T{aak{b)) = 0. We can take a finite number of elements ki,...,kr 
in Stab/i such that k € Stab/i and ki £ J implies that k € |Js=i Stab(/i U {i}). It follows 
that 

r 

\\Ecir){aUnb)\\l < \\a\\l \\b\\l ^ ||£^£(Stab(/iU{i}))Ks^^n)||2 ^ . 

s=l 

This ends the proof of point 1. 

Proof of 2. We still denote D = L~(Xoi) x Norm/i and P = L~(X) x Norm/i. The assumptions 
and Remark 13.31 yield a sequence of unitaries Un in B satisfying 

ll-E-T oo^-i^J^i ^ /^T r , ■x(2;ttn'V)ll2 ^ for all x,y £ D . 
" L°°(Js:(,i)xi(Norm/inStabi) ^ )y 

Because of Lemma Wl] it is sufficient to prove that \\ED{xUny)\\2 — > for all x G P, y G P D. 
We may assume that X eL°°{X),y e L°°{X) L°°{X^') and specify even more to x G L°°iX^) 
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and y = ab with a G L°°(Xq) CI and b E L°°(Xq^''-*^) for some i G I \ h and some finite subset 
J C I. Set Un = Z]fcgNorm/i '^n{k)uk, where u„(A;) G L°°(Xg^)™. Observe that 

{k)ak{y))\\i ■ 

fcgNorm/i 

For all k G Norm/i, one has ki /i. So, 

E , i^AxUn{k)ak{y)) = Q whenever A; G Norm/i and ki ^ J . 
We then take ki, . . . ,kr G Norm /i such that 

r 

A; G Norm/i and ki G J implies that ^ S A;~^(Norm/i n Stabi) . 

s=l 

We finally conclude that 

r 

\\En{xUny)\\l < \\xf \\yf ^ II^L-(Xo^l)x(Norm7,nStabO^''^=^")ll2 ^ . 

s=l 

The last statement of point 2 can be proven as follows. Since 

Eppmp{qNpM^p{B)") = QN^^mpiB)" C pZ)> , 

we conclude that for ah a G L°°(Xq'^^^) and all x G QNp^jmp(i?)", 

r(ax) = T{aEp{x)) = T{a) t(Ep{x)) = T{a) t{x) . 

If / \ /i is infinite, we can take a unitary u G L°°(Xq^^^) satisfying T(n*) = (J^^o for all s G Z. It 
follows that the subspaces u'^ QNpj^jmp{B)" of M"^p are orthogonal. So l?[M'^p) has dimension oo 
as a right QNpj^,np(i?)"-module. 

Proof of 3. The assumptions and Remark 13.31 yield a sequence of unitaries Un (z B satisfying 

ll-E^L°°(X)xStab(7iU{i})(2;Wny)||2 ^ for ah X, y G L°°(X) X Stab/i . 
Proceeding as in the first part of the proof of point 1, it is sufficient to prove that 

(X)>3Sta.h hiUgUnUh)\\2 ^ 

whenever g,h € T and hli (/i 1\. Let i G hl\ \ 1\. We write n„ = XlfceStab/i ^"C^)""*: with 
Unik) G L~(X)'". Observe that 

II^L'-wxstab/iK'Un^ih)!!! = X] ll^nCfc)!!! • 

A:GStab/ing-i(Stab7i)h-l 

Again, if at the right-hand side we are not summing over the empty set, take k^ G Stab/i such that 

Stab/i n ff"^(Stab/i)/i"^ = A:(7^(Stab/i n /i(Stab/i)/i"^) C k^^ Stab(/i U {i}) . 
It follows that 

l|-E'L°°(X)xiStab7i('"g^n^t/i)||2 < ||-E^L°°(X) xiStab(/iU{i}) ('"^o'"") lb ^ , 
concluding the proof of point 3. □ 
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Lemma 4.3. LetT r\ I satisfy conditions (C2) and (C3) in Definitions^ Set M = L°°(X^) x T. 
Let A r\ (y, r/) he any probability measure preserving action and set N = L°°(y) xi A. 

Suppose that nHm is a finite index bimodule. If B d L°°(y) is diffuse, H does not contain a 
non-zero B-C{T)-subbimodule K satisfying dim(A'£(p-)) < oo. 

Proof. Assume that we do have a i?-£(r)-subbimodule K satisfying dim(i^£(p)) < cxd. First of all, 
take a finite index inclusion rj : N ^ qM^q such that rHm — r;(Af)'i'(Mm,i(C) (8) L^(M))m- The 
presence of the subbimodule combined with condition (C2) and the fact that the diffuse algebra 
B cannot embed into a finite dimensional algebra, yield the following data : a finite subset Iq C /, 
a *-homomorphism : B ^ p£(Stab /o)'"p and a non-zero partial isometry v € qM^p satisfying 
r]{h)v = vij){h) for all 6 € S and such that, with Ii = Fix(Stab/o) (and hence Stab/o = Stabli), 

ip{B) 7^ £(Stab(Ii U {i})) whenever ie I\Ii . 

£(Stab(/i)) 

Note that we do not exclude Iq = -^i = and Stab/o = T. Remark 13.31 allows us to take a sequence 
of unitaries ii„ in B such that 

ll^£(Stab(/iu{i}))(^^("")y)ll2 for all x,y e £(StabIi),i e I\h . 

Denote Bi = qM^q n D ri{L°°{Y)). Set qi = vv* G Bi and pi = v*v. By point 1 of Lemma 

K2\ we get that 

v*Biv C pi{L°°{X^^) X Norm/i)™pi . 

One also checks that 

II^L-(X„^i)x(Norm/inStab«)(^^(^")2^)ll2 ^ « W 

for all X, y G L°°{X^') x Norm/i and alH G / \ /i. 

Take partial isometrics wi, . . . ,Wr G i?i such that w^Wg < qi for all s and such that J2l=i '^s'w* is 
a central projection q2 G Z{Bi). Define 

r r 

-u G Mm,rm(C) M as 'U = 6^ and p2 = e^s v*w*WsV = v*v ■ 

s=l s=l 

Define 

: L°°(y) ^ P2(L°°(A:o^i) X Norm/i)™p2 : ^{a) = v*r]{a)v . 

The sequence of unitaries tp{un) still satisfies (jl]), so that we can apply point 2 of Lemma 14.21 to 
the subalgebra ^ 

V'(L°°(y)) C p2(L°°(Xo^^) X NoimhY"'p2 . 

It follows that the quasi-normalizer of tp{L°°{Y)) inside p2Af™P2 does not have finite index. But 
this quasi-normalizer contains v*r]{N)v and so as well the von Neumann algebra generated by 
v*r]{N)v. This leads to a contradiction since r]{N) C qM"^q has finite index. □ 
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5 For good actions of good groups, finite index bimodules 
automatically preserve the Cartan subalgebras 



The proof of the following theorem occupies this whole section. It consists of several steps, with 
Step m below as the final one. 

Theorem 5.1. Let T r\ I and A r\ J be good actions of good groups (Def. \2.4\ )- Consider 
T r\ {X,fi) = {Xq,^ioY and A r\ {Y,r]) = {Yo^r^^Y . Set M = L°°(X) x T and TV = L°°(y) x A. 

Every finite index N -M -bimodule nHm preserves the Cartan subalgebras, in the sense that there 
exists an L°°{Y)-L°°(X)-subbimodule K C H satisfying dim{Ki^oc f^-^-j) < oo. 

Fix the groups T, A and their actions as in the formulation of Theorem 15.11 Let nHm be a finite 
index bimodule. 

Take a finite index inclusion -ip : N ^ pM'^p such that nHm — t/)(Ar)P(M„_i(C) ® L^(M))j\,f- Write 
P = C{A). Take an infinite, almost normal subgroup G < A with the relative property (T) and set 
Q = C{G). A combination of Remark 12.61 and point 1 of Lemma 14.21 implies that N CiQ' C P. 

The proof of Theorem 15.11 is organized as follows. 

• Step m : we prove that Q -< C{T). To prove this Step [U we need to combine a version of 

H 

Popa's theorem 4.1 in [TH] (our Lemma 15.21 below) with the techniques of Section [H 

• Step [2] : we prove that C{A) -< C{T). In fact, we obtain a better result, so that we can 
essentially assume that ^p{C{A)) C C{T)^. 

• Step [3] : assuming now that ^'('^(A)) C £(r)", we prove that for j £ J and i £ I, one has 

MCiStahj)) ^ C(Stahi). 
£(r) 

• Stepl: we finally prove that L°°{Y) ^ L°°(X). 

H 

Throughout this section, we denote by {ug)g^r the canonical unitaries in L°°(X) x T and by {i's)s£A 
the canonical unitaries in h°°{Y) x A. 

Step 1 (Intertwining Q inside £(r)). Let pi € pM"'p n ip{Py be a non-zero projection. Then, 

V(g)pi ^ ciT). 

M 

Proof of Step m By condition (C2) and Remark 13.81 we can take a finite subset Lq C L (which 
might be empty) such that writing Ii = Fix(Stab/o) and I2 = I \ Li, we have 

ij{P)pi -< L°°{X) X Stab Jo and ^{P)pi 7^ L°°iX) x Stab(/o U {i}) whenever i e L2 . (5) 

M M 

Note that /q = yields L2 = L. 

Suppose that q G L°°(Xq^) is a non-zero projection such that qL°°{XQ^) is diffuse and ip{P)pi -< 
g(L~(X) X Stab Jo). Lemma [33] implies that gL°°(X^i) ^ pi(V'(P)' npAf»pi. Lemma [33] yields 
gL~(X^i) ^ tp{P)' npM'^p. By Lemma [XHl the inclusion il){N n P') C pM> n ^{P)' has finite 
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index and we know that N Ci P' = Z{P). But then Lemma 13.91 gives qlj°° {Xq") -< tp{P), which is 
a contradiction with Lemma 14.31 

So, Ji is finite. Moreover, in the case Ii ^ 0, we denote by g G L°°{Xq^) the projection on the 
atomic part of L°° {Xq^ ) and conclude that 

^/j(P)pi -< qCL°°(X) X Stab/o) ■ 
M 

The right hand side contains q(L°° {Xq'^) x Stab/o) ^-s a subalgebra of essentially finite index. By 
Lemmas 13.41 and 13. 9^ we conclude that 

i^{P)pi ^ L°°(Xn^2) ^ Stab/o • (6) 

M 

Write Xi = X^\ Ti = Stab/o and Mi = L°°(Xi) x Li. Combining dlD, dS]) and Remark ESI 
we can take a projection q G M", a non-zero partial isometry v G Mi^„(C) ® piM and a unital 
*-homomorphism r] : P ^ qM^^q satisfying 'ip{a)v = vr]{a) for all a G P and satisfying 

r/(P) 7^ L~(X^2) ^ Stabri(i) whenever i G /2 . 

Ml 

We may assume that the support of Emi{v*v) equals q. Lemma [^2] below implies that ri{Q) -< 

Ml 

CiVi). Again using Remark 13.8^ we conclude that '4'(Q)pi -< C C(T). □ 

M 

We needed above the following result, due to Sorin Popa. Although the proof is very close to the 
proof of Theorem 4.1 in [19], our Lemma [5.2l is not a direct consequence of Popa's theorem, so that 
we present a self-contained proof for the convenience of the reader. 

The formulation of the lemma makes use of the relative property (T) for an inclusion of tracial von 
Neumann algebras. This notion has been introduced by Popa in 4.2 of [21] (see also B.2 in |27j). 
For our purposes, it is in fact sufficient to know that for an inclusion of groups A < F, the inclusion 
C{A) C C(T) has the relative property (T), if and only if the group pair A < F has the relative 
property (T). 

Lemma 5.2. Let T r\ I be a group acting on a set. Set {X,n) = {Xo,^ioy and M = L~(X) x F. 
Suppose that Q d P C pM'^p satisfies the following properties. 

• Q C P is quasi-regular and has the relative property (T). 

• For all i e I, we have P 7^ L°°{X) x Stabi. 

M 

Then, Q ^ C{T). 

M 

In the proof of the lemma, we make use of the following terminology : if A, B C M are possibly 
non-unital embeddings of von Neumann algebras, we say that an element a G IaMIb is A-B -finite 
if there exists xi, . . . , x^, yi, . . . ,ym € IaMIb satisfying 

n m 

Aa C XkB and aB C Ay^ ■ 

k=l k=l 
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Proof. The crucial ingredient is Popa's s -malleability satisfied by generalized Bernoulli actions 
with diffuse base space. Define Yq = Xq x [0,1] and {Y, fi) = (lo,/"o)^- Set A = L~(y) and 
B = A(^A = L°°(y X Y), both equipped with the generalized Bernoulli action. The action T r\ A 
is s-malleable, meaning that the von Neumann algebra B admits trace preserving automorphisms 
{at)t£R and /3 satisfying the following conditions (see 1.6.1 in [19J and Section 3 in [17]). 

• (at) is a continuous one-parameter group of automorphisms and /3 is a period 2 automorphism. 

• (3at = a-t(3 for ah t G M. 

• ai(a 1) = 1 (8) a and j3{a (8) 1) = a (8) 1 for all a € A. 

• at and (3 commute with the action V r\ B. 

We define = ^ x F and N = B xT. Extend at and /3 to trace preserving automorphisms of N 
acting identically on C{T). We view M C N C N through the identification 

N = (AM) X r C {A0A) X r . 

We also define A'^i := q;i(A^) = {10A) x T. Note that an argument similar to Lemma 14.21 yields 
pN^'p nP' C pN"-p. 

We claim the existence of a non-zero, Q-ai(Q)-finite element a £ pN"'ai{p). To prove this claim, 
define for every t G M, the P-P-bimodule on the Hilbert space Ht = p(M„(C) (8 h'^{N))at{p) by 
the formulas 

X ■ S, = xS, and ^ ■ x = ^aj(x) for all x G P . 

For t = 0, the vector p is P-central. The relative property (T) of Q C P yields a t = 2^^ > such 
that Ht admits a non-zero Q-central vector. Taking its polar decomposition, we get a non-zero 
element a G pN^at{p) satisfying xa = aat{x) for all x G Q. In particular, a is Q-Q;t(Q)-finite. In 
order to arrive at the claim above, it remains to show the following : if for some t > there exists a 
non-zero, (5-at((5)-finite element a G pN^at{p), then the same is true for 2t. So, start with t and a. 
Clearly, at{f3{a*)) is Q-at(Q)-finite as well, while at{a) is at((5)-a2t(Q)-fiiiite. As a consequence, 
at{(3{a)*ba) is Q-Q2t(Q)-finite for ah b G QNp(Q). Suppose that (5{afba = for ah b G QNp(Q). 
Then the same holds true for all b (z P, since Q C P is quasi-regular. Denote by q the supremum 
of all the range projections of the elements ba, b (z P. By our assumption, qf3{a) = 0. On the other 
hand, q G P' r\pN'^p. So, q G pN'^p and hence, (3{q) = q. But then, the equality q(3{a) = implies 
qa = 0, a contradiction. We have shown the claim above. 

Since there exists a non-zero Q-ai{Q)-fimte element in pN^p, we can take a non-zero element 
a G p(Mn^mn{C) (8) p) and a, possibly non-unital, *-homomorphism ip : Q ^ Q"^ satisfying 
xa = a(id (8>ai)V'(x) for all x £ Q. Suppose now that Q -/< /1(F). Theorem 13.21 allows us to take 

M 

a sequence of unitaries (n„) in Q such that \E inj-^(xuny)\2 — > for all x,y G M". Recall that 
= Xo X [0,1]. Define 

D = (10L~(([0, 1] X Xo X [0, 1])^)) X F 

and note that A^i C D. It follows that ||-ED(2;iiny)||2 for all x,y (z A^", since it suffices to check 
this limit for x, y being the product of an element in D and an element in M. 

It then follows that 

\\ED{a*a)\\2 = \\ED{a*a){id0ai)i^{un)\\2 = ||^D(a*n„a)||2 ^ . 
We arrive at the contradiction a = 0. □ 
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In the next step, we prove that in fact, the whole of C{A) embeds into C{T). We even prove that 
the embedding can be taken in such a way that C{A) C C{T) has essentially finite index. 

Step 2 (Intertwining the group algebras C{A) and £.{T)). There exists a partial isometry 
V G M„.oo(C)(8)M satisfying 

• vv* = p and q := v*v € C{T)°° , 

• v*^l^{C{A))v C qC{T)^q and this is an inclusion of essentially finite index. 

Proof of Step \^ Recall that we denoted P = C{A) with its quasi-regular subalgebra Q C P. We 

f f 
prove below that ip(P) -< C(T). In terms of the bimodule nHm, this means that C(A) -< C(T). 

M H 
f 

By symmetry, we then have C{A) >- C{T). As in the first point of Lemma 14.21 we get that all the 

H 

conditions of Theorem 13.111 are fulfilled and we obtain the statement of Step [21 

f 

It remains to prove that ip{P) -< jC(r). Take a non-zero projection pQ G pM'^p PI il}{P)' . We shall 

M 

prove that iIj(P)pq -< CCT). By StepIU ip(Q)po -< ^(r). By condition (C2), we can take a, possibly 

M M 

empty, finite subset Iq C I such that il^{Q)po -< C{Stah Iq) and such that writing Ii = Fix(Stab/o)) 
we have 

V'(Q)Po -A >C(Stab(/o U {i})) whenever i e I \ h . (7) 

M 

We first claim that Ii is finite and that in case Ii ^ 0, Xq is atomic. Indeed, if the claim would be 
false, take a projection q E L°°{Xq^) such that qL°°{XQ^) is diffuse. We have iI>{Q)pq -< qC{Stah Iq) 

and a combination of Lemmas 13.41 and 13.51 implies that qh°°{XQ^) -< pM'^p Ci ip^Q)' . The right 

hand side contains ip{N Ci Q') as a finite index subalgebra and N Q' C P. It follows that 

qh°°(X^.^) -< ip(P). This is a contradiction with Lemma |4.3[ So, Ii is finite. 

M 

Denote by Pi the quasi-normalizer of ip{Q)po inside poM^'po. Note that iJj{P)po C Pi and so 
it is sufficient to prove that Pi -< C(T). By (17]) and Remark \'6.H\ we take a *-homomorphism 

M 

r] : Q ^ qC{Stah Io)'^q and a non-zero partial isometry v G poM'^q satisfying %lj{a)v = V7]{a) for all 
a ^ Q and satisfying 

r}(Q) 7^ /:(Stab(/o U {«})) whenever i e I\Ii . 

£{Stab/o) 

By point 1 of Lemma 14.21 we have 

v*Piv C (L°°(X^^) X Norm/i)" , 

where Norm/i < F denotes the subgroup of elements that globally preserve Ii. We already know 
that Ii is finite and that in the case Ii / 0, the space (Xo,/io) is atomic. So, >C(StabIo) C 
L°°(Xoi) X Norm/i has essentially finite index. By Lemma[331 we get Pi -< C{Stah Iq) C C(T). □ 

M 

Fix Jo G J and io G /. Set Aq = Stabjo and Fq = Stabzo- Note that condition (CI) says that 
Aq J\ {jo} and Fq / \ {io} act with infinite orbits. 

Because of Step [21 we have 

nHm = ^(^)p(£2(N) ® l2(M))m 
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where p G C{T)°° is such that 'ip{C{A)) C pC{T)°°p and such that this last inclusion has essentially 
finite index. 

Step 3 (Intertwining the stabilizers C{Aq) and C(Tq)). There exists a partial isometry v € 
£(r)°° satisfying 

• vv* = p and q := v*v G C{Tq)°° , 

• v*^l'{C{Ao))v C qC{To)°^q and this last inclusion has essentially finite index. 

Proof of Step\^ We first claim that -E£(r)(V'(Q^)) = '^{Ec(K)[o)) for all a £ N. In fact, since 
?/;(£(A)) C C{T)°°, it is sufficient to take o G L°°{Y) Q CI and prove that Ec(^r){^{a)) = 0. Since 
A r\ (Y, rf) is weakly mixing, take a sequence s„ G A such that aa„ (a) — > weakly. It follows that 
\\Ec{k){^sb(Ts.a{o))\\2 for all s G A and b G L°°(y). Hence, 

l|£?£(A)(a:cT,„(a))||2 ^0 for ah X G . (8) 

Since 

l|i^£(r)(V'(a))l|2 = mvs,^Ec(rMa))^l,{usSh = \\E cirm<y sM))h 

for all n, it suffices to prove that \\Ei2{Y-){ip{as„{a)))\\2 ^ in order to obtain our claim. Choose 
e > 0. Since '4)[C[K)) C pC{T)^p is essentially of finite index. Proposition IA.2I implies that we can 
take yi, . . . ,ym G pC{T)°°p such that 

m 

\\Ec(r){x)\\2 < e\\x\\ +^\\yk\\\\E^{C{A)){y*k^)\\2 for all x e pM°°p . 

k=l 

Moreover, if G A^, we have 

\\E^(c(A)){yk'4'ix))h = \\Ec{A)ii^~^iE^{N)iyk))^)h ■ 

Using dH]), we get that ||-£'£(r)('0(c''sn(<^)))ll2 ^ 2||o||e for n large enough. This proves the claim 
above. 

f 

We claim next that iP{C{Aq)) -< C{Tq). As in the beginning of the proof of StepO a combination 
of Lemma 14.21 and Theorem 13.111 yields the conclusion of Step [3l 

The prove the claim, let po G pC{T)°°p n ?/'(£(Ao))' be a non-zero projection. We have to prove 

that ip{C{Ao))po -< £(ro). Assume the contrary. Since T r\ I is transitive, all the £(Stabi) are 
£(r) 

unitarily conjugate inside C{r). So, 'iP{C{Aq))pq 7^ £(Stabi) for all i G /. As in the proof of point 
1 of Lemma I12J we get a sequence of unitaries Un in C{Aq) such that 

ll^£(r) {xHun)poy)\\2 ^ for all x, y G p{M 6 C{T))^p . 

Take an invertible element a G L°°(yjj^'"'-^) with r(a) = 0. The claim in the beginning of the proof 
says that -£'£(r)(V'(o^)) = 0- So, \\E^-p-^{jp{a)jp{un)poipia)*)\\2 0. On the other hand, tpi^a) and 
ip{un) commute, with ipiun) being unitary in pC{T)°°p. Hence, ■ilj{a)po'ilj{a)* = 0. It follows that 
Pq = 0, a contradiction. □ 

Step 4 (Intertwining the Cartan subalgebras). We have ■ipCL'^(Y)) -< L°°(X). 

M 
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Proof of Step^ We are by now in the following situation : nHm — ^{n)P{^'^{^) 'X'L^(M))m where 
p G /:(ro)°° is such that 

• 'ip{C{A)) C pC{T)°°p and this inclusion has essentially finite index. 

• ^(>C(Ao)) C pC{To)°^p and this inclusion has essentially finite index. 

Although we do not need it in the proof, we make the following clarifying remark : Lemma 14.21 
implies that a *-homomorphism ^p satisfying all the conditions above, is uniquely determined up to 
the obvious replacement of tp by v'ip{-)v* for some partial isometry v G C(Tq)°° satisfying v*v = p. 

We first claim that Ejr(^p^^^{ip{x)) = V'(-E'£(Ao)(2;)) for all x G 'C(A). Let s G A — Aq. It suffices 
to prove that S£(ro)(''/'(^s)) = 0. Since Aq r> J \ {jo} has infinite orbits, we can take a sequence 
Sn G Aq such that 

\\EciAo)i^i^s„s)h ^ for all x G C{A) . (9) 
Let e > 0. Since iP{C{Aq)) C pC{Tq)'^p is essentially of finite index. Proposition IA.2I yields 
2/1, • • • , ym e 'C(ro) such that 

m 

ll^£(ro)(a;)ll2 < + ^ \\yk\\ \\E^{c{Ao))(.yk^)h for all x epC{To)°°p . 

k=l 

It follows that 

m 

\\Ec{ro0i'^s))h = \\Ec{ro0i'^sns))\\2 <i: + ^\\yk\\ \\Ec(Ao0^'^iE^{c{A))iyk))''sns)h ■ 

k=l 

Then ([9]) implies that = 0, proving our first claim. 

We next claim that ip(L°°{Y)) C p(L°°{X) x Tq)^p. The proof of this second claim is identical 
to the proof of Lemma 6.10 in [23]. For the convenience of the reader, we repeat it here in a way 
adapted to our notations. When is a subset of the IIi factor M, we denote 

[T] := {x G M I 3xn G spanjF such that remains bounded and ||x — Xn||2 0} 

[J^]°° := {x G M°° I every component Xij of x belongs to [T]} 

Combining Lemmas 14.21 and 13.91 the relative commutant of ^(i2(Ao)) inside pM°°p is contained in 
p(L°°(X*o) X To)°°p. This implies that 

V(L°°(ld'°)) C [L^{Xi;>)C{To)r ■ (10) 

By our first claim above, 

^{us) C[ug\g£T- ro]°° for all s G A - Aq . (11) 
Combining ()10p and (jlip and the transitivity of A J, it follows that 

^P{L^{Y^)) C [L°"{X^\^''^)C{T)r for all jGJ\ {jo} . (12) 

Take j G J\{jo} and a G L'^ivi). We prove now that in fact tp{a) G (L°°(X) x ro)°°. Denote by E : 
(L~(X) X r)~ (L°°(X) X ro)°° the natural conditional expectation and set b = i/j{a) - E{Tp{a)). 
We prove that 6 = 0. To do so, take x G ip^L^^iY^")) with r(x) = and x invertible. Since x 
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commutes with ip{a) and x belongs to (L°°{X) xi Tq)°° by (|1U|) . we also get that xb = bx. Further, 
^ says that ip{a) G [L°°(Xo^^*°^)£(r)]°°, implying that 

6G[L-(4\^^°>Ki5Gr-ro]°°. (13) 

By ([ToD and the choice of x, we know that x G [(L°°(X^'') e Cl)£(ro)]°°. Combining this with (fT3]) . 
we get that 

xb G [(L°°(X^°) ecl) L°°(Xo\^'"^)£(r)]°° . 

It follows that bx and xb are orthogonal. Since 6x = xb, we conclude that xb = 0. But x was 
invertible, so that 6 = 0, proving the inclusion 

i^iL^iY^)) C p(L°°(X) X ro)> for all jeJ\ {jo} . 

By (do]), the same holds for j = jo. The proof of the second claim ip{L°^{Y)) C p{L°°{X) x To)'^p 
is done. 

We now end the proof of Step [Hand hence of Theorem 15. II Suppose that ip{L°°{Y)) L°°{X). By 

M 

the second claim above, we know that ^l^(L°°(Y)) -< L°°(X) x Stab^o- Condition (C2) then yields 

M 

a non-empty finite subset lo C I satisfying 

• ML'^CY)) -< L°°m X Stab/o, 

M 

• Stab/o is non-trivial (because we supposed that ip(L°°{Y)) 7^ L°°{X)), 

M 

• ^(L~(y)) 7^ L°°(X) X Stab(/o U {i}) whenever i £ I \ h and h = Fix(Stab/o). 

M 

Point 3 of Lemma 14.21 implies that ip(N) -< L°°(X) x Norm Ji. We have reached a contradiction 

M 

with ip{N) C pM°°p having finite index, once we show that Norm/i < T has infinite index. 
Suppose that Norm/i < T has finite index. Then, T = IJfcLi 9k Norm/i. Since T r\ I is transitive, 
/ = UfcLi5fc/i- This means that Ii C / has finite index (in the sense of Def. 12. 3p . On the other 
hand, taking g G Stab/o and g ^ e, the inclusion /i C Fix 17 together with condition (C3), imply 
that /i C / has infinite index. We have reached the desired contradiction. □ 

6 Cartan preserving bimodules and cocycle superrigidity 

In this section, we introduce the family of elementary finite index bimodules between group mea- 
sure space III factors (see Notation 16.21 and Definition 16. 7p . It is shown in Theorem 16.41 that for 
cocycle superrigid actions (with countable as well as compact target groups), every finite index 
bimodule containing a finite index bimodule between the Cartan subalgebras, must be elementary. 
In Subsection 16.21 we describe the fusion rules between elementary bimodules. 

Also, for suitable generalized Bernoulli actions, the elementary bimodules can be described entirely 
in group theoretic terms. This is done in Proposition l6.10l 
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In Theorem 15.11 it was shown that for suitable generahzed Bernoulh action IIi factors, every finite 
index bimodule contains a finite index bimodule between the Cartan subalgebras. So, coupling 
Theorem 15.11 with the results of this section, we will arrive at a proof of Theorems 12.21 and 12.81 : all 
finite index bimodules between good generalized Bernoulli IIi factors are elementary and the fusion 
algebra FAlg(M) of such a IIi factor M can be described as an extended Hecke fusion algebra. 

6.1 Reduction to elementary bimodules 

Terminology 6.1. If F A L°°(X) and A rv L°°(y), we say that a *-isomorphism A : L°^(X) ^ 
L°°(y) is a (^-conjugation if 5 : F ^ A is a group homomorphism and A(cjg(a)) = cj^(g-) (A(a)) for 
all a G L°°(X) and all 5 G F. 

Notation 6.2. Let F r\ {X,fi) and A r\ {Y,ri) be ergodic, essentially free, probability measure 
preserving actions. Let Q £ Z'^{r,S^) and lo € Z^(A, 5^) be scalar 2-cocycles. 

We define the following finite index bimodules. 

• Let vr : F ^ U{n) be a finite dimensional projective representation with scalar 2-cocycle r^^r 
defined by TT{g)'ir{h) = ^27r((?, h)-K{gh). Denote by 

i?rep(7r,F) 

the {\J^{X) Xfj^n r) — (L°°(X) F) — bimodule defined through the *-homomorphism 

^ : L°°(X) xn.Q r ^ M„(C) ® (L°°(X) T) : 

ip{a) = l®a, ipiug) = Tr{g) ® Ug for all a G L~(X), 5 e F . 

• Let (5 : F — > A be a group isomorphism and A : L°°{X) — > L°°{Y) a *-isomorphism such that 
A is a (5-conjugation and such that uj{5{g), S{h)) = 0,(g, h) for all g,h Denote by 

i^iso(r,A,A) 

the (L°°(X) F) — (L°°{Y) x^^ a) — bimodule defined through the *-isomorphism 

: L°°(A) F ^ L°°(y) x^ A : V(a) = a , i:{ug) = u^^g) for ah a G V^{X),g G F . 

• Let Fi < F be a finite index subgroup. Denote by 

-f^mci(ri, r) 

the (L°°(X) Xf7 Fi) — (L°°(X) Xq F) — bimodule given by the obvious embedding of the 
first crossed product into the second one. Define 

-f^red(r, Tl) 

as the contragredient of i?inci(Fi, F). 

We recall the notion of a 1-cocycle for a group action. Suppose that F r\ {X, fi) is a probability 
measure preserving action. A 1-cocycle p for the action F r\ (X, /i) with values in the Polish group 
K,\s a, measurable map 

yO : A X F — > satisfying p{x,gh) = p{x,g)p{x ■ g, h) almost everywhere . 
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The 1-cocycles p,uj : X x T ^ K are called cohomologous if there exists a measurable map 
ip : X ^ K satisfying 

(jo{x,g) = f{x) p{x,g) (p{x ■ g)~^ almost everywhere . 

We identify the set of homomorphisms from T to K with the set of 1-cocycles X x T ^ K not 
depending on the space variable X . 

Property 6.3 (Cocycle superrigidity) . We deal with ergodic, essentially free, probability measure 
preserving actions T r\ {X, /i) satisfying the following cocycle superrigidity property : if Fi < F is 
a finite index subgroup, K a countable or a compact second countable group and if 

p: X xTi ^ K 

is a 1-cocycle, then p is cohomologous to a homomorphism Fi K. 

By Corollary 5.4 in the article [18j of Popa, we have the following : if the group F admits a 
almost normal subgroup H < T with the relative property (T) and if F r> I is such that H 
acts with infinite orbits, then the generalized Bernoulli actions F {Xq,pq)^ satisfy the cocycle 
superrigidity property 16.31 

Theorem 6.4. Let F r\ {X, p) and A r\ (Y, rf) he ergodic, essentially free, probability measure 
preserving actions. Let Q € Z^(F,5^) and uj G Z'^{K,S'^) be scalar 2-cocycles. We make the 
following assumptions. 

• T r\ {X, p) and A rx (Y, rf) satisfy the cocycle superrigidity property \6.3l 

• F, resp. A, have no finite normal subgroups and their actions on {X,p), resp. {Y,r]), are 
weakly mixing. 

Let H be an irreducible (L°°{X) xq F) — (L°°(y) x^j A) — bimodule of finite index satisfying 
L°°(X) ^ L°°(y). Then there exist 

H 

• finite index subgroups Fi < F and Ai < A, 

• a finite dimensional projective representation tt : Fi ^ U{n), 

• a * -isomorphism A : \j°°{X) L°°{Y) and a group isomorphism (5 : Fi ^ Ai such that A is 
a 6-conjugation, 

satisfying 0,{g,h) = VtT^{g,h) Lo{5{g),5{h)) for all g,h Ti, as well as the bimodule isomorphism 

i7 ^i7rcd(r,Fi) (g) i/rep(vr,Fi) «) Fi,o(Fi,A,Ai) /7inci(Ai, A) , 

L°°(X)xinri L°=(X)xiniri L°°{X)xi^Ai 

where Q,i = Q^^Q on Fi. 

Proof Set A = L°°{X) and B = L°°{Y). Set = L°^(y) x<^ A. 

By Lemma 16.51 below, take a projection p G Dk ®B and an irreducible finite index inclusion ip : 
A XqT ^ pN^p defining the bimodule H and satisfying 

i}{A) C (Dfc ®B)p and V := pN^p n i){A)' of type I„. 
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Note that ip{A) C Z{'D) and that this inclusion has finite index. Moreover, (Ad^/'(ug))ggr extends 
the given ergodic action T r\ A io 3ii ergodic action on ZiT>)^ giving enough 'uniformity' to 
the inclusion '^{A) C Z{p) to obtain an action F rv {1, . . . , r} x X and a *-isomorphism : 
L°°{{l,...,r} X X) ^ Zip) satisfying 

{i,x) ■ g = {. . . ,x ■ g) for all {i, x) e {1, . . . ,r} x X and g ET, 
e{l (g) a) = ^(a) for all a G L°°(X) , 

e{a{-g)) = il;{ug)e{a)il){ugY for all a G L°°({1, . . . ,r} x X),g eV. 

Write the permutation group as acting on the right on {1, ... , r}. We get a 1-cocycle p : XxV ^ 
Sr such that (i,x)-g = {i-p{x,g),x-g). By cocycle superrigidity, we may assume from the beginning 
that {i,x) ■ g = {i ■ g,x ■ g) for some action F r> {1, . . . , r}. 

Define Fi = Stab 1 for the action F r> {1, . . . , r} and set pi = 9{5i ® 1). Since (D^ ®B)p C T> and 
B C N is maximal abclian, it follows that Z(T>) C (D^ ®B)p. The restriction of S7 to Fi is still 
denoted as fi. We define 

ipx: AxuVi^ PiN'^pi : tpiix) = i}{x)pi . 
Writing Vi := piiV'^pi n^i(^)' = Vpi, the algebra Pi is still of type I„ and we have by construction 

MA) = ZiVi) C (Dfc ®B)pi C Pi . 
Denote by -ff(V'i) the (A xn Fi) — N — bimodule defined by ijji, we also have by construction 

iJ^/fred(r,Fi) ® H{M- 

Since Pi is of type I„ with Z{T>i) = ■(/'i(^), take a *-isomorphism : M„(C) ® A ^ Vi satisfying 
^(1 (g) a) = '<pi{a) for all a E A. Note that {Adtpi{ug))g^ri defines an action of Fi on Pi, extending 
the given action {o-g)geTi of Fi on A. So, we find for every g eVi a unitary Ug G M„(C) (g) A such 
that 

9{Ug{id^ag){a)U*) = Mug)0{a)Mug)* for all a G M„(C) ^ A,^ G Fi . 

View Ug as a measurable map from X to U{n). Composing with the quotient map U{n) — > PU{n), 
we define 

p : X X Fi ^ PU{n) : p{x,g) = Ug{x) . 

Then, p is a 1-cocycle. Cocycle superrigidity for Ti X implies that we may assume that 
Ug = 7r{g) <Si 1 for some projective representation vr : Fi — lA{n). Define Q.i G Z^(Fi,S'^) by the 
formula Oi = and define for G Fi the unitary Ug G p\N^p\ a£, Vg = 0{'K{g)* ® l)il){ug). The 

unitaries {yg)g^Yi satisfy the following properties. 

• ^gi^h = ^i{g, h)i'gh for all g,heVi. 

• = ■0i(o-g(a)) for all g eVi, a e A. 

• Vg and commute with 6'(M„(C) (g) 1) for all g G Fi. 

Let Ti be the normalized trace on piN^pi and denote by i^'^j(yi) the trace preserving conditional 
expectation piN^pi V'i(^)- Since Fi X is essentially free, the formula Vgil;i{a) = 'ipi{ag{a))vg 
implies that = for all g ^ e. So, Ti{tpi{a)ug) = for ^ / e. Hence, the map 

aug I— > il)i{a)vg extends to an embedding ^ Xq^ Fi — > piN^pi. 
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Let eii be the obvious minimal projection in M„(C). Then, ^(enC^l) G Pi is an abehan projection, 
while (Dfc ®B)pi C fi is a maximal abelian subalgebra. We can take a partial isometry v ^ Vi 
satisfying v*v = 9{eii 1), p2 := vv* belongs to ®B and v9{eii ® A)v* = (D^ ®B)p2. Define 

11)2 ■ A. xq^ Ti ^ P2N^P2 ■ ^2{aug) = v'4)i{a)vgV* . 

By construction, we have 

//(V'l) = ^rcp(^,ri) H{^P2), (14) 
^xiOiTi 

M^) = i^k®B)p2 . 

SetY = -^xY and A = x A acting in the obvious way on Y. Regard Mfc(C) = L°°{Y) x^ A, 
with the subalgebra (8)5 corresponding to L°°(y). So, we view p2 E L°°(y). 

The proof of Proposition 5.11 in [TH] (using of course once more cocycle superrigidity and using the 
absence of finite normal subgroups in F), yields the following data : 

• a finite index, Ti-invariant subalgebra C A, 

• an injective group homomorphism (5 : Ti ^ A and a map ttq : Ti ^ , 

• a non-zero partial isometry v £ p2(L°^(Y) x A) with e = vv* and q = v*v, 

satisfying 

• e commutes with ■02(^0 Ti) and etp2{a)e = ip2{EA(){a))e for all a £ A, 

• q belongs to L°°(Y) and is (^(ri)-invariant, 

• the map a : Aq x^j^ Ti L°°{Y)q x^ (^(Ti) : a{x) = v*ip2{x)v is a *-isomorphism satisfying 
a{Ao) = L°°{Y)q and a{ug) = Tro{g)us[g-) . 

Since V'2(^o Ti) has finite index in P2N^p2, it follows that L°°{Y)q x^; (5(ri) has finite index 
in q{L°°{Y) x^^ A)q. As a consequence, S{Ti) < A has finite index. But then, S{ri) n ({e} x A) has 
still finite index in {e} x A. Since q is 5(ri)-invariant, it follows that q G L°°(^). The isomorphism 
a implements a conjugacy between the actions Fi r\ Aq and S{Ti) r\ L°°{Y)q. The first one is 
weakly mixing and the second one has L°°{-^)q as a finite-dimensional invariant subalgebra. We 
conclude that q must be a minimal projection in L°°(^). But then we may assume that 6 takes 
values in A and identify L'^{Y)q x^ 5(Fi) with L°°(y) x<^ (5(Fi). 

Since we assumed that the restriction of A r> y to a finite index subgroup of A is cocycle superrigid, 
the conjugacy a implies that F nv is cocycle superrigid. As in the beginning of the proof, this 
implies that F r> ^ is conjugate to the diagonal action of F on and an action of F on a finite 
set. Since F r> A is weakly mixing, it follows that = ^- But then, the projection e commutes 
with Jp2{A xqj Fi), so that e = p2- 

We have altogether shown that the non-normalized trace of p2 G equals 1 and that there exists 
a partial isometry v £ p2{Mk^i{C) N) as well as an injective group homomorphism (5 : Fi ^ A 
with image of finite index, and a map ttq : Fi ^ such that p2 = vv*, v*v = In and 

V*iIJ2{A)v = B , V*%l^2{Ug)v = 7To{g)us(^g) . 
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If we now replace in p4p the projective representation vr by the new projective representation 
g I— >■ TTo{g)iT{g) and if we change Jli accordingly, we finally arrive at the desired conclusion 

L°°(X)Mnri L°=(X)xif2jri L°°{X)xi^Ai 

□ 

The following is a bimodule version of Theorem A.l in [21\ (cf. also Lemma 7.1 in [21j). 

Lemma 6.5. Let A C {M,t) and B C {N,t) be IIi factors with Cartan subalgebras A,B. Suppose 
that mHn is an irreducible finite index bimodule satisfying A ~< B. Denoting by D„ C M„(C) the 

subalgebra of diagonal matrices, there exists n, a projection p G Dn B and a finite index inclusion 
tp : A ^ pN'^p satisfying 

• mHn = ^(Af)P(M„,i(C) 0L2(Ar))^ , 

• ij{A) C (Dn^B)p , 

• pN'^p n V'C^)' 'i-s 0, von Neumann algebra of type for some € N. 

Proof. Take an irreducible finite index inclusion r] : M ^ qN'^q such that 

mHn = ^(A./)g(M„,i(C) L2(Ar))^ . 

By Lemma ESI and the fact that M r\ A' = A, we get that r]{A) C qN'^q n ri{A)' has finite index. 
Hence, qN'^qDrj^A)' is of finite type L Moreover, whenever u € A/'a/(^), the unitary r/(u) normalizes 
qN'^q n r]{Ay and all these normalizing unitaries together act ergodically on qN^q r]{Ay by the 
irreducibility qN'^q fi r]{M)' = CI. The existence of a trace preserving ergodic action implies that 
qN"^q n r]{Ay is of type Ifc for some G N. 

Observe that every, possibly non-unital, *-homomorphism A — > Mr{C)®B can be intertwined into a 
*-homomorphism A ^ Dr ^B. We know that r](A) -< B and so, using the previous observation, we 

N 

find a non-zero partial isometry v E (7(Mm^j.(C) N) and a, possibly non-unital, *-homomorphism 
: j4 — > Dr^B satisfying r]{a)v = v6{a) for all a A. Cutting down v on the left by an 
abelian projection in qN^q n r}{Ay and on the right by one of the minimal projections in D^, we 
may assume that r = 1 and that vv* is an abelian projection in qN'^q n r][Ay . Set pi = 9{1), 
which is a non-zero projection in B. It follows that v*v is an abelian projection in piNpi 9{Ay . 
Moreover, Bpi C piNpi n 6{Ay is a maximally abelian subalgebra. By a folklore result (use e.g. 
Section 6.4 in [H]), we can take a partial isometry w € piNpi fl 6{Ay satisfying ww* = v*v 
and w*{piNpi D 6{Ay)w C Bpi. Replacing v by vw, we have found a non-zero partial isometry 
V G q{Mm,i{C) (g) N) satisfying pi = v*v G B, vv* G qN'^q n r/(A)' and v*{qN"^q n C Bpi. 

Since qN"^qr)r]{Ay is of type Ifc with abelian projection vv* , denote the central support of vv* by z 
and take k partial isometries wi, . . . ,Wk G qN"^qr\r]{Ay satisfying w*vui = vv* and WiW^ = z. 
Set Z = Z{qN'^qr\rj{Ay) and note that AdV'(7VM(^)) defines an ergodic action on Z. So, we can 
take partial isometries ui , . . . , in qN"^q having initial and final support in Z and satisfying 

n 

u*Uj < z , ''^^UjU* = q and u*Zuj = u*UjZ . 

Define u G Mm,nfc(C) ® N with columns given by UjWiV G Mm,i(C) ® N. Then uu* = q and 
u*Zu C Dnk®B. Defining ^(x) = u*r]{x)u and observing that r/(A) C we have reached the 
conclusion of the lemma. □ 
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6.2 Fusion rules between elementary bimodules 

In this subsection, the Connes tensor product of bimodules is just denoted by juxtaposition. So, 
HK means H ® K. It will always be clear from the context over which von Neumann algebras the 

N 

bimodules are considered. 

We denote by Aut(X, /i) the Polish group of probability space isomorphisms modulo equality almost 
everywhere. Since we write in this article groups as acting on the right on X, we also let A G 
Aut(X, ^) act on the right on x and write x ■ A. For every A G Aut(X, |u), define (A^,/)(x) = 
f{x ■ A^-*^) and note that A^, G Aut(L°°(A', ^)). As such, the group Aut(X, ^u) is isomorphic with 
the group of trace preserving automorphisms of L°° {X, fi) . 

Definition 6.6. Let T r\ (X, /i) be an essentially free, probability measure preserving action. 

An element A of Aut(X, /i) is called a commensuration ofTr\ {X, fi) if A belongs to the commen- 
surator of T viewed subgroup of Aut(X, fi). 

Whenever A is a commensuration of T r\ {X, fi), we define the finite index subgroups of T 

aF := r n AFA"^ and Fa := F n A^^FA . (15) 

Then, 5 := AdA^^ : Ar ^ Ta is a group isomorphism. Moreover, with the above notations. A* is 
a (5-conjugation. 

More generally, a commensuration ofT r\ {X, fi) and A r\ (Y, rj) is a probability space isomorphism 
A : {X, fi) {Y, Tj) such that F n A"^AA and A n AFA"^ have finite index in F, resp. A. 

Definition 6.7 (Elementary bimodules). Let F r\ [X, fi) be an essentially free, probability measure 
preserving, weakly mixing action. Let Q G Z^{T, S^) be a scalar 2-cocycle. Set M = L°°(X) xifj F. 
Using the notations of 16.21 16.61 and motivated by Theorem 16.41 we introduce the following finite 
index M-M-bimodules. 

Suppose that A is a commensuration of F r> {X, n) with Fa, Ar defined by ([T5|). Let vr : Fa — > Z^/ (n) 
be a projective representation satisfying = o Ad A on Fa. Define 

H{A,Tr) := F,ed(r, Ar) /7iso(Ar, A„Fa) //rcp(rA,^) ^incl(rA,F) . 

We call the M-M-bimodules of the form H{A,ir), the elementary M-M-bimodules. 

We now write down the fusion rules between the elementary M-M-bimodules. In order to do so 
correctly, we need to take care of the 2-cocycles and define the induction of a projective represen- 
tation. 

Definition 6.8. Let F be a group with subgroup Fi < F. Let vr : Fi ^ ^(K) be a projective 
representation with scalar 2-cocycle Suppose that Q G Z^(F,5^) is a 2-cocyle that extends 
JItt- We then define the induced projective representation vri = Indp^ vr along the cocycle on the 
Hilbert space 

Ki:={^:T^K\ ^{hg) = n(^9'Mh)({g) for all /i G Fi,^ G F 
and 5^11^(5)11 belongs to ^2(Fi\F)} 

by the formula {■7Ti{g)S^){h) = Q.{h,g)^{hg). Note that = Q. 
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Whenever Q £ Z'^(T, S^) and g e T, define 

Also write for every function (/? : F — > S*^ its coboundary {dip){g,h) = ip{g)(p(h)ip{gh) . One then 
has 

Vto kdg = {d(pg)Vt for all 5 G T . 

Theorem 6.9. Let T r\ {X,fi) be an essentially free, probability measure preserving, weakly mixing 
action. Let n G Z'^{T, S^) be a scalar 2-cocycle. Set M = L°^{X) T. Define T C FAlg(M) as 
the fusion subalgebra generated by the elementary M -M -bimodules in the sense of Definition \ 6. 7[ 

Let A and A be commensurations ofTr\ [X^jj). 

1. If TTjTT are projective representations o/Fa satisfying = Jl^f = (fi o Ad A) on Fa, then 

H{A, vr © ^) ^ H{A, vr) © H{A, . 

2. //vTjTr are projective representations ofT/\,T^ satisfying JItt ^ = o Ad A and similarly for 
ri^f , then the following fusion rule holds. 

H{A, vr) H{A, ^ H{AgA, vr,) , 
where -Kg is the projective representation of T^^a defined as the induction 
■Kg = Indp'^^^nr- {(^9 ° ^) ° 9^) ® ^ 

AgA A / 

along the 2-cocycle (17 o Ad(Ag'A)) on F^^^ . 

3. Let TT be a projective representations o/Fa satisfying Q.,^ Q = i7o Ad A on Fa- Then H{A,tt) 
is an irreducible bimodule if and only if n is irreducible. Moreover, for irreducible 7r,TT, we 
have 

H{A,tt) ^ H{A,n) 
if and only if there exist g,h (^T such that 

A = gAh and n is unitarily equivalent with {ipg o Ad{ Ah)) {it o Ad h) iph . 

Proof. Point 1 is obvious. 

Set A = L°°(X). Let A be a commensuration of F r> (X, /i). Set Fi = Ar and 6 = AdA^^ 
the isomorphism of Fi onto Fa- Let vr : S{Ti) — > U(n) be a projective representation such that 
0, = o 6. Let k be the index of Fi in F. Then, 

//(A,vr)-i/(V) 

where ^p : A ><ifiT ^ M„(C) ® Mfc(C) (8) xi^j F) is defined as follows. Choose coset representatives 
F = |J(L^ Fifl'j and define the action T {1, . . . ,k} and the 1-cocycle rj : {1, . . . , A;} x F — > Fi by 
the formula giS = rj{i, s)gi.s for all i G {1, . . . ,k} and s G F. We then set 

k 

ip{a) = ^ 1 © eii © A^{ag.{a)) for ah a e A , 

i=l 
k 

ip{us) = ^ ^{gi, s)Q{r]{i, s),gi.s) {iT{5{rj{i, s))) © e^^i.^ © 1*5(^(^^5))) for all s G F . 

i=l 
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Based on such a concrete formula, verification of 2 is elementary, though a bit tedious. 

We finally prove 3. If tt is reducible, it follows immediately from 1 that H{A, vr) is reducible. So, 
suppose that tt is irreducible and realize H(A, tt) = H{tp) as above. We first prove that the relative 
commutant of 'il){A) inside M„(C) ® Mfc(C) ® {A T) is given by M„(C) ® ®A. In order to 
obtain this result, it suffices to take an arbitrary element x £ Mfc(C) ® (A F) commuting with 
all the operators 

fc 

^ejj (g) A^,(fTg^(a)) , a^A, 

i=l 

and to prove that x € ®A. Consider x as a matrix {xij) with entries in ^ T and decompose 
every entry as Xij = Yls&r ^tj'^s with xf^ G A. It follows that 

xij (Ts{A^{ag^{a))) = A^(o-g^(a)) xij for ah a G A, s G T, i, j G {1, . . . , fc} . 

So, if x^j- 7^ 0, the automorphisms (T^ o A^, o ag- and A* o Ug. coincide on some non-negligible part of 
X. By Lemma [6.111 b elow . it follows that didj^ G Ti- This implies that i = j. Moreover, if x|j ^ 0, 
it follows that as is the identity on a non-negligible part of X and so s = e. Altogether it follows 
that X G Dfc (^A. 

The unitaries {'ijj{us))s£r normalize Mji(C) ^A and define on this last von Neumann algebra 
an action that we denote by (ps)- The automorphism 6 G Aut(M„(C) ® (8>^) given by 

9{eij ® efc (g) a) = Cij (g) (g) A{agf^ (a)) , 

conjugates the action (ps) with the diagonal action ofT r\ A and the action (7s) of T on M„(C) (gD^ 
given by 

7s-i {w g) efc) = 7r(??(A;, s))* w7r(r/(/c, s)) (g e^.^ . 

Since F j4 is weakly mixing, the irreducibility of H{'ip) follows if we prove the ergodicity of (7s). 
The latter follows straightforwardly from the assumed irreducibility of vr. 

The statement about the isomorphism between two irreducible elementary bimodules can be proven 
in a way that is very similar to the proof of the irreducibility of -ff(V')- D 

We will use Theorem 16.91 to compute explicitly the fusion algebra of certain IIi factors. So, we 
need to compute the commensurator of T inside Aut(X, p) in certain cases. This is done for certain 
generalized Bernoulli actions in Proposition I6.IOI below. 

We make use of the obvious embeddings 

TTi : L~(Xo,/io) ^ L°^{{Xo, poY) for all i G / . 

Proposition 6.10. Let T r\ I and A r\ J be actions such that Stabi r\ and Stabj r\ J\{j} 

act with infinite orbits for all i ^ I and j G J. Let [Xq, po) and (10;%) standard probability 
spaces and consider the generalized Bernoulli actions 

T r\ {X,p) := {Xo,poY and Ar\{Yo,rjoy. 

Suppose that the bijection rj : L ^ J is a commensuration of T r\ L and A r\ J, i.e. r]{g ■ i) = 
5{g) • r]{i) for all i £ I and g € Ti, where 5 is an isomorphism between the finite index subgroups 

ri,Ai o/r,A. 

Let for every orbit i G Ti\L, be given a trace preserving * -isomorphism aj : L°°{Xq, po) — > 
h°°{YQ,riQ). Define the isomorphism A : {X,p) {Y,r]) such that 

A* o TTj = 7r^(j) o aj for all i £ L . 
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• A is a commensuration ofTnv {Xq,hq)^ and A r\- {YqjTJq)'^ . 

• Every commensuration ofTrx {Xq, ^q)^ and A nv (lo;%)"^ arises in this way. 

Proof. It is obvious that the proposed formula for A defines a commensuration. 

Suppose conversely that A is a commensuration of F r% (Xo,/io)^ and A r\ (Yq, 7]oy. So, let 
A{x ■ g) = A(x) • 5{g) for almost all x G X,g G Fi and let (5 : Fi — > Ai be an isomorphism between 
finite index subgroups Fi, Ai of F, A. 

We first claim that there exists a bijection rj : I ^ J such that A*(L°°(A'q)) = L°°(yJ'^*^) for all 
i £ I. Because of the symmetry between A and A~^, it is sufficient to prove that for every i G I, 
there exists j eJ satisfying L'^iY^) C A,(L~(X*)). 

Choose i € I. Set F2 = Fi nStabi, which is a finite index subgroup of Stabi. By our assumptions, 
L°°(X^) = L°°{Xf^ and so A,(L~(X^)) = L'^{yY^'^^\ If for all j e J the group 6{T2) n Stab j 
would have infinite index in 6{T2), the group 5{T2) would act with infinite orbits on J and so, the 
fixed point algebra lj°°(Y)^^^^^ would be trivial, a contradiction. So, take j (z J and a finite index 
subgroup F3 < F2 satisfying ^(Fa) = d{T2) H Stab j. Then, F3 < Stabi has finite index, implying 
that L°^{Xi) = L'^iXf^ and hence, A*(L°°(A:^)) = L~(y)^(r3). Therefore, 

L°°{Y^) = L°°(y)Stabj ^ ^co(Y)m) = A,(L°°(X^)) . 
This proves the claim above. 

It is then clear that r]{g ■ i) = 5{g) ■ r]{i) for all i S / and g Ti. One defines for every i I, the 
*-isomorphism : L°°(Xo,/io) — > ^°°{Yo,ilo) such that A^ovTj = 7r^(j) oQj. It is easily checked that 
ai only depends on the Fi-orbit of i. So, we are done. □ 

For weakly mixing actions F r\ (X, fj.), the subgroup aF = F n AFA~^ for a given commensuration 
A of F nv {X, ^) can be characterized by a weaker condition. That is done in the following lemma 
that we have used in the proof of Theorem 16.91 

Lemma 6.11. Let F r\ {X,n) be an essentially free, probability measure preserving, weakly mixing 
action. Then the commensurator ofV inside Aut(X, ^) acts essentially freely on {X,fj,). 

Proof. Let A be a commensuration of F r> (X, fi) and suppose that x ■ A = x for all x €U and U 
non-negligible. We have to prove that x ■ A = x almost everywhere. 

If (7 € F n A^^FA and U nU ■ g^^ is non-negligible, we find 

X ■ AgA^^ = X ■ gA^^ = x ■ g 

for all X & U nU • g^^, so that essential freeness of F r> (X, fi) implies that A and g commute. 

Let now 5 G Fa = Ffi A^^FA be arbitrary. Since Fa < F has finite index, the action of Fa on {X, /u) 
is still weakly mixing. So, we can take gi € Fa such that both Un{U ■ g~^) ■ g^^ and UDU ■ g^^ are 
non-negligible. By the previous paragraph, A commutes with gig and with gi. So, A commutes 
with g for all 5 € Fa- 

But then, for all x gU and all 5 G Fa, 

{x- g) ■ A = x- (gA) = x ■ (Ag) = x- g . 
Since Fa acts ergodically on (X, fi), it follows that x ■ A = x for almost all x E X. □ 
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7 Proofs of the results announced in Section [2] 



About Examples \2.5[ The non-trivial points to verify in 12.51 are the fohowing. 

• All the linear groups/linear actions satisfy the minimal condition on centralizers/stabilizers 
because in a finite dimensional vector space, there cannot be an infinite strictly decreasing 
sequence of vector subspaces. 

• Groups defined by a (possibly infinite) presentation satisfying the C(l/6)-small cancelation 
condition satisfy the minimal condition on centralizers because the centralizer of any non- 
trivial element is cyclic, see |25j. For more or less analogous reasons, word hyperbolic groups 
satisfy the minimal condition on centralizers, see Example 3.2.4 in [8]. 

• Note that < SL(n, Q) x Q" and PSL(n, Z) < PSL(n, Q) are almost normal subgroups with 
the relative property (T). 

□ 

In order to treat systematically the concrete computations of fusion algebras in 12.71 and 12.91 we 
start with the following lemma computing some commensurators of subgroups. 

Lemma 7.1. • Let T < GL(n,Q) be a subgroup with the following property : if Tq < T is a 
finite index subgroup and ifVc Q" is a non-zero globally T -invariant vector subspace o/Q", 
then y = Q". 

Then, the commensurator ofTt< Q" inside Perm(Q"') equals CommQL^^ ,Q')(r) x Q". 

• Let A be a group that cannot be written as a non-trivial direct product and that has no non- 
trivial finite index subgroups. Let Kq < K be a proper subgroup with the relative ICC property. 

Then, the commensurator of the left-right action of Aq x A on A is given by the permutations 
g I— > a{g)go for some a E CommAut(A)(Ad Aq) and go E A. 

Proof. To prove the first item, write, maybe confusingly, T x = {{v, g) \ v Q", g E T} acting on 
Q" by {v, g)-w = v+gw. Let rjhea, permutation of in the commensurator of T x Q". Composing 
with a translation, we may assume that r/(0) = 0. Since Q" has no non-trivial finite index subgroups, 
we find finite index subgroups Tq, Ti of T and a group isomorphism 5 : Tq x Q*^ ^ Ti x Q" satisfying 
ri{y + gw) = 5{v,g) ■ r]{w) for all 5 E Tq and v,w & Q". In particular, S{Tq) = Ti and the lemma is 
proven once we have shown that (^(Q") = Q". By symmetry it suffices to show that (^(Q") C Q". 

Write 6{v,l) = {tt{v),p{v)) for all v E Q". Set V = {v e Q"- \ p{v) = 1}. We have to prove that 
V = Q". Assume that p{v) 7^ 1 for some v E Q". Since (^(Q") is a normal subgroup of Ti x Q", it 
follows that 

((1 - p{v))w, 1) = (w, 1) 5{v, 1) 1) 5{v, 1)-^ belongs to (5(Q") 

for all v,w £ Q". Since we assumed that p{v) ^ 1 for at least one v E Q", it follows that V 7^ {0}. 
So, y is a non-trivial globally T-invariant subgroup of Q"". We finally prove that V is in fact a 
vector subspace of Q". Then, our assumptions imply that V = Q", ending the proof of the first 
item. 

Since ((1 — p{v))w, 1) E (5(Q"), it follows that ((1 — p{v))w, 1) and d{v' , 1) commute for all v,v',w E 
Q". Writing this out yields (1 - p{v')){l - p{v)) = for ah v,v' E Q". But then, ^{v) = p{v) - 1 
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defines an additive group homomorphism 7 : Q" M„(Q). Such a homomorphism is automatically 
linear and so, y is a vector subspace of Q". 

To prove the second item, let r] G Perm(A) be in the commensurator of Aq x A. We may assume that 
r]{e) = e. We have to prove that r] is an automorphism of A. By our assumptions, we find finite index 
subgroups Ai, A2 < Aq and an isomorphism 5 : Ai x A ^ A2 x A satisfying ri{{g, h)-i) = 5{g, h)-ri{i). 
In particular, (^(diag(Ai)) = diag(A2), where diag(Aj) denotes the diagonal subgroup of Aj x A. 

We claim that 5 = axa for some automorphism a € Aut(A) satisfying a(Ai) = A2. Once the claim 
is proven, the second item of the lemma follows immediately. To prove the claim, it suffices to prove 
that (5(Ai X {e}) = A2 x {e}. Indeed, taking centralizers, it then follows that (^({e} x A) = {e} x A, 
yielding the automorphism a G Aut(A). But then, 5 = a x a, because 5 preserves the diagonal 
subgroups. 

In order to finally prove that 5{Ki x {e}) = A2 x {e}, it suffices by symmetry to prove the inclusion 
(5(Ai X {e}) C A2 x {e}. Denote by Fi, resp. T the image of (5(Ai x {e}), resp. 5({e} x A) under 
the projection map A2 x A — > A. We have written A as the product of two commuting subgroups 
Fi and F. Since A has trivial center and cannot be written as a non-trivial direct product, one of 
the groups Fi, F is trivial. If Fi is trivial, we are done. So, suppose that F is trivial. This means 
that 5({e} x A) C Ai x {e}. Again taking centralizers, we find a subgroup A3 < Ai such that 
(5(A3 X {e}) = {e} x A. Since 5{{e} x A3) C Ai x {e}, it follows that (5(diag A3) projects surjectively 
onto A. A fortiori, diagA2 = (5(diagAi) projects surjectively onto A. This is a contradiction, since 
Aq is a proper subgroup of A. □ 

Proof of Corollary \2.7\ As was probably noted first in ^28j, the group F := SL(2,Q) x does 
not admit non-trivial finite dimensional unitary representations. In particular, F has no non-trivial 
finite index subgroups. Then, Corollarv 12 . 71 follows from Theorem 16 . 41 and Proposition 16. lOl once we 
have shown the following : if ry is a permutation of that normalizes F and satisfies Qa ~ ilaoAdr/ 
as scalar 2-cocycles on F, then rj belongs to F. 

Lemma lTrl savs that r/ = {go,vo) G GL(2,Q)xQ^. A small computation yields ficO Ad 77 ~ ^^(detgo)o- 
So, Qa ~ ^{detgo)a Scalar 2-cocycles on F and in particular as scalar 2-cocycles on Q^. It is well 
known, and even directly computable, that this implies a = (det 5(0)0. Since a 7^ 0, we conclude 
that det go = 1 and so G F. □ 

Proof of Theorem \2.8[ By Theorem 16. 4^ FAlg(M) equals the fusion algebra of elementary M-M- 
bimodules in the sense of Definition 16. 7[ Theorem 16.91 says that the fusion algebra of elementary 
M-M-bimodules is exactly given as the extended Hecke fusion algebra 7ij-cp{T < G), where G 
denotes the commensurator of F inside Aut{X, fj.). By Proposition 16.101 and because (Xo,/io) is 
assumed to be atomic with unequal weights, the latter is isomorphic with the commensurator of F 
inside Perm(/). □ 

Proof of Example \2. !A In all three examples, we use the following principle : let Fi < Gi be a 
Hecke pair and vr : Gi ^ G a surjective homomorphism satisfying Kervr C Fi. Set F := vr(F) and 
note that F < G is again a Hecke pair. Assume moreover that every finite dimensional unitary 
representation of Fi is trivial on Kervr. Then, "HreplFi < Gi) = 7^rop(F < G). 

Example\2Ml. By Theorem ES and LemmaED FAlg(M) ^ Hrep((SL(n, Z) x Q") < (GL(n,Q) x 
Q*^)). We claim that the latter is isomorphic with 'Hi.ep(SL(n, Z) < GL(n, Q)). Because of the 
principle above, it is sufficient to show that every finite dimensional unitary representation tt of 
SL(n, Z) X Q" is trivial on Q". The restriction of tt to is the direct sum of group characters of 
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Q" belonging to a finite subset S C Q". We have to prove that S = {1}. Since S is finite, every 
uj (z S is invariant under a finite index subgroup T < SL(n, Z), meaning that oj{{l — g)x) = 1 for all 
g and x E Q". All sums of elements of the form (1 — g)x, for g and x € Q", form a vector 
subspace of Q". If w 7^ 1, this vector subspace is not the whole of and we find a non-zero y G Q" 
such that g^y = y for all (7 G F. This contradicts the fact that T has finite index in SL(n,Z). 

Example\2M2. By pi], Aut(PSL(n, Q)) = Z/2Z tx PGL(n,Q), where Z/2Z acts by the order 2 
automorphism 5{A) = {A^)~^. The result is then a combination of Theorem 12.8^ Lemma l7.ll and 
the above mentioned principle. On the way, one uses once more that PSL(n, Q) has no non-trivial 
finite dimensional unitary representations. 

Example \2M 3. Set T := Aq x A. By Lemma WA\ the inclusion T < Commperjn(A) (r) is isomorphic 
with r < G, where 

G = {{p, p o Ad g) \ pe CommAut(A)(Ao),5 G A} . 

But, Aut(A) = GL(2,Q) x Q^. Moreover, for all p G GL(2,Q) x Q^, we have J7„ o = n^^dct p)a and 
A has no non-trivial finite dimensional unitary representations. A combination of Thms. 16.41 16. 9^ 
Prop. [6T0] and the above principle, implies that FAlg(M) = Tlrepi-^o < CommA(Ao)). 

A small computation shows that CommA(Ao) consists of the elements ((g ^-i), (y)) with q G Q* 
and x,y G Q. Note that ((_?io),(y)) is excluded from this commensurator because R < Q has 
infinite index as an additive subgroup. Finally, consider the quotient homomorphism 

CommA(Ao)^Q* xQ: ((^^°,),(^)) . 

We shall apply the principle above to conclude that FAlg(M) = Hrep{{R* x _R) < (Q* x Q)). In 
order to do so, we have to show that every finite dimensional unitary representation of Aq factorizes 
through R* x R. It suffices to show that every finite dimensional unitary representation vr of -R* x Q 
is trivial on Q. The restriction of such a vr to Q is a finite direct sum of group characters uj £ S C Q. 
It follows that the finite set S is globally invariant under R*. But R* acts freely on Q — {!}, implying 
that S = {!}. So, vr is trivial on Q. □ 

Proof of CoroUarv \2.11\ Theorem 16.41 implies that, up to inner automorphisms, every automor- 
phism of M is given by a character of F and an element in the normalizer of F inside Aut(A, p). 
This normalizer is determined in Proposition I6.IOI yielding the result in Corollarv 12.111 □ 

About Examples \2.12l In the first example, set F := PSL(n,Z). Note that for n odd, PSL(n, Z) = 
SL(n, Z). By Example 2.6.1 in [1], Out(F) has two elements, the non-trivial one being given by 
a : A I— > {A^)~^. Since there is no permutation t] of P(Q") satisfying r]{Av) = a{A)r]{v) for all 
A G F, w G P(Q"), we conclude that the normalizer of F inside Perm(P(Q"')) equals F. Because F 
has no non-trivial characters, the conclusion follows from Corollary 12.111 

As in the second item of Lemma fT.ll and using the example in the previous paragraph, the normalizer 
of F := PSL(n,Z) x A x A inside Perm(P(Q") x A) is generated by F, {id} x Aut(A) and the 
permutation {v,g) 1— > {v,g^^). The conclusion follows again from Corollarv 12. 11[ □ 

Proof of Theorem \2.13l Let Q be a given countable group. Bumagin and Wise construct in [4J a 
countable group A with the following properties. 

• Out(A) ^ Q. 
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• A is a subgroup of a C"(l/6)-small cancelation group and A is not virtually cyclic. In particu- 
lar, A is ICC and satisfies the minimal condition on centralizers (see l2.5p . Also, the centralizer 
in A of any non-cyclic subgroup, is trivial. 

• Slightly modifying the construction of by adding relations that make it impossible to have 
non-trivial abelian quotients, we may also assume that Char A = {!}. 

Let a finite group H act by permutations of a finite set J, in such a way that Char H = {1} and 
that the normalizer of H inside Perm(J) equals H. A concrete example is provided in Lemma 7.8 
in [23] as the linear action oi H = GL(3, -F2) on J = F2 \ {0}, where F2 denotes the field with two 
elements. We then consider the action T r\ I, defined as the direct product of the actions 

PSL(3,Z) r> P(Q3) and ((A"^ x i7) x A) A"^ . 

In this expression, A'^ x H acts on the left on A"', while A acts diagonally on the right. 

In order to show that L / is a good action of a good group, we have to prove that the action 
((A-^ yi H) X A) r\ A-^ satisfies conditions (CI), (C2) and (C3) in Definition O Conditions (CI) 
and (C2) are immediately given by the ICC property and the minimal condition on centralizers for 
A. Condition (C3) is checked as follows : if a € H is different from the identity, Fix({g, a), h) has 
infinite index because the diagonal subgroup diagA < A x A has infinite index. When a = e, but 
((7, h) 7^ e, we again have Fix((5f, e), h) of infinite index, because A is an ICC group. 

Define M as the generalized Bernoulli IIi factor associated with T r\ I and an atomic base space 
with unequal weights. Corollarv 12.111 vields Out(M) = G/T, where G denotes the normalizer of F 
inside Perm(I). In order to determine this normalizer, first make the following easy observation. 
Let (rj)jg^ and (Aj)jg^ be finite families of ICC groups with the property that they do not contain 
a non-trivial direct product as a finite index subgroup. Then, for every injective homomorphism 
^ • ~^ ©jeAC-^j with finite index image, there exists a bijection a : T ^ satisfying 

0(rj) C A^(j). With a reasoning similar to Lemma [7. 11 we deduce that the normalizer G of F inside 
Perm(/), is generated by F and Aut(A). Here, Aut(A) is viewed as acting diagonally on A''. So, 
Out(M) ^ G/F ^ Out(A) ^ Q and we are done. □ 

Appendix A : Inclusions of (essentially) finite index and approxi- 
mations of conditional expectations 

Let A C (M, r) be an inclusion of tracial von Neumann algebras. Jones' basic construction is 
defined as the von Neumann algebra {M^ca) acting on L^(M, r) generated by M and the Jones 
projection ca defined by cax = Ea{x) for all x G M. Here we view Ad M d L^(M, r) and Ea is 
the unique r-preserving conditional expectation. We make the following well known observations. 

• The von Neumann algebra (M, ca) equals the commutant of the right action of A on L^(M, r). 

• The projection ca commutes with A inside (M^ca) and further we have e^xe^ = EA{x)eA 
for all X € M. It follows that the linear span of the elements xcaV with x, y G M is a dense 
*-subalgebra of (M, ca)- 

The basic construction (M, e^) comes equipped with a semifinite faithful normal trace Tr charac- 
terized by the formula 

Tr(xeAy) = T{xy) for all x,y & M . 
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The Jones index of the inclusion A C (M, r) satisfies [M : A] = Tr(l). The value of [M : A] 
depends on the choice of tracial state r. In this article, there will be in all circumstances a natural 
choice of tracial state, either given by an ambient IIi factor, either as the natural tracial state on 
jC(r). So, when we speak about a finite index inclusion, it is always with respect to the naturally 
present state. In Definition IA.2l we will moreover see that this kind of subtlety is not really crucial. 

As right A-modules, L^(M)a = p(^^(N) (g) L^(A))^ for some projection p G B(£2(N))®A. One 
verifies that [M : A] = (TrCg)r)(p). A canonical index for A C M would rather be given by the 
Z{A)-valued trace of the right ^d-module L^(M)^. 

For completeness, we give a proof of the following elementary lemma. 
Lemma A.l. Let A C (M,r). 

• Suppose that L^(M) is generated as a right A-module by n vectors Ci) • • • > ^ L^(M), mean- 
ing that L^(M) is the closure 0/ + • • • + ^n^. Then, [M '.A] < n. 

• // [M : A] < 00 and e > 0, there exists a central projection z G satisfying t{z) > 1 — e 
such that L^(Mz) is finitely generated as a right A-module (and in the sense of the previous 
item). 

Proof. Let ^ G L^(M) and denote by p G (MjCa) the orthogonal projection onto the closure of 
^A. The densely defined operator M C L^(M) L^(M) : x 1— > ^Ea{x) is closable and the 
polar decomposition of its closure yields a partial isometry v G {M^ca) satisfying vv* = p and 
v*v < CA- It follows that Tr(p) = Tt:{vv*) = Tt{v*v) < Tr(eA) = 1- If now L^(M) is generated by 
^1, . . . , we find in this way projections pi, . . . ,p„ in (M, ca) satisfying Tr(pj) < 1 for all i and 
1 = pi V • • • V pn- So, Tr(l) < n and hence by definition [M : A] < 00. 

Suppose now that [M : A] < 00. Denote by J : L^(M) — > L^(M) the anti-unitary given by Jx = x* 
for all X G M. We know that Tr defines a finite faithful normal trace on {M,eA), which is hence 
a finite von Neumann algebra. Moreover, the center of {M^ca) is given by JZ{A)J and ca is a 
projection with central support equal to 1 in {M^ca)- Given e > 0, it follows that we can take 
a projection z G Z[A) and a finite number of partial isometries vi,...,Vn G {M^ca) satisfying 
t{z) > 1 — e and JzJ = Yll=i '^i^Avl- Viewing 1 G M as a vector in 1?{M) and Vi as an operator 
on L^(M), define = Vi{l). We find that l?{Mz) = JzJl?{M) is generated by ^1, . . . as a 
right ^-module. □ 

We have two reasons to introduce a wider notion of 'finite index inclusion'. This other notion has 
two advantages : it is independent of the choice of traces involved and arbitrary direct sums of finite 
index inclusions remain, what we will call, essentially of finite index. The following proposition has 
nothing new in it : indeed the construction of the yi in point 3 below, repeats the construction of 
a Pimsner-Popa basis of a finite index inclusion, see Proposition 1.3 in [17j. 

Definition/Proposition A. 2. Let A C (M, r). We say that ^4 C M is essentially of finite index 
if one of the following equivalent conditions hold. 

1. For every e > 0, there exists a projection p MCiA' such that t{p) > 1 — e and \pMp : Ap] < 
00 (w.r.t. the trace r(p)~^T(-) onpMp). 

2. The trace Tr on (M, ca) is semifinite on M' n (M, ca). 
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3. For every e > 0, there exists a projection p £ M (1 A' with t{p) > 1 — e and elements 
yi, . . . , y„ G Mp satisfying 

n 

xp = yiEA{y*x) for all x £ M . 

i=l 

Proof of the equivalence of the three conditions. Denote as above by J : L^(M) — > L^(M) the anti- 
unitary given by Jx = x* for all x e M. Note that M' n (M, ca) = J{M n A') J. 

Suppose that 1 holds and choose e > 0. Take p & M n A' with r(p) > 1 — e and \pMp : Ap] < oo. 
It follows from Lemma lA. II that, after making p slightly smaller but keeping t(p) > 1 — e, we have 
L^(Mp) finitely generated as a right ^-module. Since L^(Mp) = JpJL^(M) an argument identical 
to the first part of the proof of Lemma lA.ll shows that Tr(JpJ) < oo. So, we have proven 2. 

Suppose that 2 holds and choose e > 0. Take a projection p £ M D A' with r(p) > 1 — e and 
Ti(JpJ) < oo. Then, the formula x i— s- Tr(xJpJ) defines a finite trace on M. Cutting p with 
a projection in Z{M), but keeping t{p) > 1 — e, we may suppose that Tr(xJpJ) < Ar(x) for 
all X € and some A > 0. Finally, cutting JpJ with a projection in Z{{M,eA)) = JZ{A)J 
and keeping t{p) > 1 — e, we may assume the existence of partial isometrics ui, . . . , f„ £ (M, ca) 
satisfying JpJ = J27=i ''^i^AV* ■ As in the proof of Lemma [A.H we consider Vi as on operator on 
L2(M) and define G L^{M) such that ^i = Vi{l). 

We claim that in fact G Mp. First note that (a, ^j) = Tr{eACL*Vi) for all a G M. To prove that 
G M, it is sufficient to check that (a, 6) i-^ (a6*,^j) is a bounded sesquilinear form on L^(M). 
This is the case because of 

I Tr(eA^a*fi)P = I Tr(eyi6a*Vje^)p < Tr(e^66*eA) Tt{a*VieAV*a) 
< \\b\\l Tria*JpJa)<X\\a\\l\\b\\l . 

Since Vi = JpJvi and hence JpJS,i = ^iP, we conclude that G Mp. Write yi = Ci- One checks 
that ViCA = yiCA, so that we have shown that 

n 

JpJ = ^ yiGAVi ■ 

i=l 

This is exactly 3. 

If 3 holds, we clearly find for every e > a projection p € M D A' such that r(p) > 1 — e and such 
that L^(Mp) is finitely generated as a right ^-module. Point 1 then follows from Lemma lA.ll □ 

Also the following lemma is well known, but we include a proof for the convenience of the reader. 
Lemma A.3. Let A C B C {M,t). 

• [MnA' : Bn A'] < [M : B] . 

• If B C M is essentially of finite index, also B O A' C M f] A' is essentially of finite index. 

Proof. Observe that Eb{x) = EsnA'ix) whenever x £ M n A'. So, the map tpixesnA'y) = xesy 
for X, y G M n ^' extends to a, possibly non-unital, Tr-preserving embedding ijj : {M riA',e BnA' ) 
{M,eB). It follows that 

[MnA' -.BnA'] = Tr^MnA',e^,^,>(l) = Tr^M,es>(V'(l)) < Tr(M,es)(l) = [M : B] . 

This proves the first point of the lemma. The second point follows from the first point and the 
observation that M f] B' C (M n A') n {B D A')'. □ 
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